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Abstract

Let K/Q, be a finite extension with ring of integers Ok . We compute the BMS syntomic

complexes
Zyp(i)(Or) = Rl'syn(Spec Ok, Zy (1))

for all integer weights ¢ € Z. For i < 0 the complexes vanish. For ¢ > 0 the calculation
reduces, through the comparison of Bhatt—Mathew with Geisser—Sato—Schneider p-adic etale
Tate twists, to local Galois cohomology. The answer is expressed in terms of the completed

unit group (’)ﬁp7 the rank nx = [K : Qp], and the finite cyclotomic torsion groups
Wi (K) = HO(K,Qy/Zy(m)).

We also give a complete calculation of W,,(K) from the image of the p-adic cyclotomic
character. For odd p this gives a closed formula in terms of the tame order [K(u,) : K] and
the wild cyclotomic level; for p = 2 it gives the corresponding formula using the sign and
pro-2 projections.
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1 Statement and comparison
Let K/Q, be a finite extension, let Ok be its ring of integers, let k be its residue field, and set
ng = [K : Qp).
Fix a separable closure K of K, and put
Gk = Gal(K/K).

For any integer m, define
Win(K) := H* (G, Qp/Zp(m)).

For m # 0 this will be finite by Theorem 4.3; for m = 0 it is Q,/Z,. If A is a topological abelian
group, write

AY = Homs(A, Qp/Zy)

for its Pontryagin dual, and write
O, =m0}/ (OF )"
T

for the p-adic completion of the unit group. We use cohomological grading: M[—r] denotes the
complex with M in cohomological degree r.

We use the following convention for syntomic complexes. The only syntomic bases used
below are X = Spec Ok and s = Speck; both are quasisyntomic, so the BMS construction
applies to them. For such a scheme Y, let

Zp(i)3™"
denote the p-complete syntomic Tate-twist complex on the small etale site of Y, as constructed
by Bhatt-Morrow—Scholze; see [3, Theorem 1.12 and Remark 1.14]. Its global sections are

written

Zp(i)(Y) := RTsyn (Y, Zp(i)) := RI (Yet, Zp(i)y").
The convention includes the BMS negative-weight normalization Zj(i)7" = 0 for i < 0.
Definition 1.1 (Sato twists in the trait case). Let n > 1 and i > 0. Sato’s finite-level p-adic

etale Tate twist
In(i)y € D*(Yar, Z/p"Z)

is the Z/p"Z-coefficient etale complex constructed in [6, §4.2]. In this article only the cases
Y = X =SpecOk and Y = s = Speck occur.
For'Y = s, which has characteristic p, the twist is the logarithmic Hodge—Witt complex

Tn(i)s = WnQi,log[_i]v WnQ(s),log =Z/p"Z.

Here W, Q% log denotes the logarithmic de Rham—Witt sheaf in Sato’s convention: for i > 1 it
1s generated etale-locally by symbols

dloglai] A - -+ A dlog[a], aj € 0%,

with [a;j] the Teichmuller lift. This is the convention used by Sato and by the Bloch—Kato
description of p-adic vanishing cycles; see [6, §4.2] and [2, Theorem 14.1 and §6.6].

ForY =X, let j: Spec K — X and ¢ : s — X. The weight 0 twist is 3,(0)x = Z/p"Zx.
Fori>1, 3,(i)x is the object fitting into Sato’s defining distinguished triangle

L Wn Q0 =i — 1] — Tn(i)x — T<iRjuppn — tWn QL0 [—i].
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The morphism o is induced on the top cohomology sheaf by Sato’s logarithmic residue map from
p"-torsion Kummer symbols on K to logarithmic Hodge—Witt forms on k; in the notation of [6,
Definition 4.2.4] it is the residue entering the mapping-fiber definition of J,(i)x. Equivalently,
for 0 <gq <1, A
I3 (i)x) = ROup,
while H(J,(i)x) is the kernel of
. @i o -
le*upg — [’*WnQ;,log'

Thus, in the present one-dimensional mixed-characteristic situation, J,(7)x is the complex
that glues the Kummer twist on the generic point to the logarithmic Hodge—Witt twist on the
closed point, with the gluing controlled by residue. It is not merely Rj*u(]?ﬁ ; the fiber of o
removes the wrong top residue and gives the object satisfying Sato’s localization, purity, and

product properties.
ForY =X orY =s, set
Zp(0)7> = R1m 3, (i)y
n

This is the Geisser—Sato—Schneider p-adic etale Tate twist used below. On the generic point it
restricts to the rank-one continuous Z,-module on which g € G'x acts by xx(g9)".
Theorem 1.2 (Cohomology of syntomic Tate twists over O ). Let
Ci :=Zy(i)(Or) = Rl'syn(Spec Ok, Zp(7)).
Then the following hold.
(a) Ifi <0, then C; ~ 0.

(b) Ifi =0, then
H(Co) =2y,  H'(Co) =1Ly,

and H"(Cp) =0 forr #0,1.

(¢) Ifi =1, then
HY(C)) = Ok,

and H"(C1) = 0 for r # 1. Noncanonically,

OF ) = LI @ iy (K).

(d) Ifi > 2, then
HY(Cy) =0,  HYC;) = HY K, Zy(i),  H*Ci)=Wii(K)",

and H"(C;) = 0 for r ¢ {1,2}. Moreover H' (K, Z,(i)) is a finitely generated Z,-module
of rank ny, its torsion subgroup is W;(K), and hence noncanonically

HY(K,Zy(i)) = 2% & Wi(K).

Corollary 1.3 (The complexes in D(Zy)). In the derived category D(Zy), noncanonically,

—_

Co~Z,8Z,-1],  Ci~0p[-1],

and, fori> 2,
C; ~ HY(K,Z,(i))[~1] @ W1 _(K)V[~2].

Fori <0, C; ~0.



Remark 1.4. The splittings in Corollary 1.3 are not canonical. The cohomology groups in
Theorem 1.2, and the exact sequences used in the proof, are canonical.

Lemma 1.5 (Closed-point calculation for Sato’s twist). Let X = Spec Ok, let s = Speck, and
let
j:Spec K — X, t:s—>X

be the generic and closed immersions. Forn > 1 and i > 1, Sato’s finite-level twist satisfies
7 In(1) x ~ uffif and ' T,(0)x ~ Tnli — 1)s[—2].

More explicitly, after passing to the etale stalk at a geometric point of the closed point, the
second isomorphism is normalized by the logarithmic residue map

{7T,U1, - ,ui_l} — dlog(ﬁl) VANREIVAY dlog(m_l),
with target W”Q%Tlig" fori=1, the empty wedge is 1 € Wnﬁ%bg =7Z/p"Z.

Proof. This is the strict henselian stalk calculation behind Sato’s absolute purity theorem in
codimension one. We spell it out because the normalization of the residue is used later.

The generic assertion follows directly from Definition 1.1. Applying j* to the defining
triangle kills the two terms supported on s, and gives

J*In(i)x = J T<iRjupi = iy

We next compute L!jn(i) x from the same defining triangle. The assertion is etale-local on s,
so compute at a geometric point s — s. Let R be the henselian discrete valuation ring obtained
from this geometric etale stalk; its residue field k is separably closed. Let L = Frac(R), and
choose a uniformizer m € R. For a complex F' on X,

HI(R/'F)s = HZ(SpecR, F),

the local cohomology at the closed point.
Put T = J,,(i)x. The localization long exact sequence for (Spec R, Spec L), together with
the generic identification just proved, gives

.-+ — H¥(Spec R, T) — H9(Spec R,T) — H(L, i) — HZ™(Spec R, T) — - - - .

Since Spec R has the etale topos of the geometric stalk, the groups HY(Spec R, T') are the stalks
of the cohomology sheaves of T at 5. By Definition 1.1, the map

H%(Spec R,T) — H(L, u:)

is an isomorphism for ¢ < i, and for ¢ = i it identifies H*(Spec R,T) with the kernel of the
residue map

Op: H' (L, p3t) — Wanlig.

This Op is the Bloch—Kato residue appearing in Sato’s definition. It is surjective by the symbol
description of logarithmic Hodge-Witt sheaves: after lifting elements of k™ to units of R,

Op{m,u1,...,ui—1} = dlog(ur) A --- Adlog(u;—1) € Wnﬁ%]igv

where u, € R*. Symbols all of whose entries are units have zero residue. If 7’ = err is another
uniformizer, then

{7T/,U1, .. ,ui,l} = {w,ul,. . .,ui,l} + {E,Ul, ... ,’Ulz',l},



and the second summand has zero residue; hence the displayed description is independent of
the chosen uniformizer. For i = 1, the same formula reads Og{n} =1 € WnQ% log” For i > 2

and k separably closed the target WnQ%_lig is zero, but the same formula is the sheaf-level
normalization before taking geometric stalks.

The long exact sequence therefore gives

H{(SpecR,T) =0 (¢<i),  H{"'(SpecR,T)~WnQp | .

For ¢ > i + 1, the same sequence identifies
H¥(SpecR,T) ~ HI (L, u3}).

The field L is the fraction field of a henselian discrete valuation ring with separably closed
residue field, hence has p-cohomological dimension 1. Thus the last group vanishes for ¢ > i +1,
since then ¢ — 1 > 2. Serre’s cohomological dimension theorem for henselian discretely valued

fields gives cdp(L) = cdp(k) + 1 = 1; see [8, Chapter II, §4].

Consequently R:'J,(i)x has a single nonzero cohomology sheaf, namely WnQiﬁ;g in degree
i+ 1. By Definition 1.1,
3li — 1)a[-2] = WL [ (i — 1) — 2 = W, Qi [—i - 1],
which is exactly the complex just computed. This proves
V(1) x =~ Tn(i — 1)s[—2].
The displayed residue formula gives the stated normalization of the isomorphism. O

Proposition 1.6 (Comparison and localization on Spec O). Let X = Spec Ok, let s = Speck,
let
7 :Spec K — X, t:s—>X

be the generic and closed immersions. For every i > 0, there is a canonical equivalence
Asyn ~GSS
Zp(t)y ~ Zp(i)X

on Xg. Hence
Zp(1)(Ok) ~ RF(XémZp(i)g;(SS)-

For every i > 1, there is a localization triangle

RT(k, Zy(i — 1))[~2] — Z,(i)(Ok) — RI(K, Z,(i)) 5,

where the first term is computed from Zy(i — 1)$55 and in the third term Z,(i) is the rank-one

continuous Zy-module on which g € G acts by xk(g)".

Proof. We use Bhatt—-Mathew in its finite-level Sato-comparison form. Their Theorem 1.8 gives
the nearby-cycle description of Z/p"Z(i)¥": it agrees with TgiRj*u;?Tf below degree i, and in
degree 7 its image is the subsheaf generated by symbols. Their Theorem 5.8 then identifies this
finite-level syntomic complex with Sato’s J,, (i) x for regular semistable schemes over a Dedekind
domain whose characteristic p residue fields are perfect.

In the present case take the base Dedekind domain to be A = O. Then X = Spec Ok is
regular and finite type over A, the only characteristic p residue field of A is the finite residue
field &, hence perfect, and X — Spec Ok is the identity regular trait, hence semistable. Thus
the hypotheses of Theorem 5.8 apply. The comparison is canonical and multiplicative, and is
compatible with the reduction maps Z/p"*'Z — Z/p"Z: on the generic fiber these maps are
the reduction maps of Kummer twists, and on the top cohomology sheaf they are the reductions



of the same symbol subsheaf and residue construction. Hence the finite-level comparisons form
an equivalence of inverse systems. Applying R@n gives

Zyp(i)X" ~ RL m 3 (i) x = Zp(i) 5.

Taking etale cohomology on X gives the displayed identification of global sections. See [1,
Theorems 1.8 and 5.8].

We next spell out the localization triangle. Work first with Z/p"Z-coefficients and put
F,, = 7,(i)x. The open-closed decomposition

s%XéLSpecK

gives the localization triangle

RT,(X,F,) — RI(X,F,) — RT(K, j*F,) =5

The term with support on s is computed by extraordinary pullback:
RI (X, F,) ~ RT(s,/'F},).
By Lemma 1.5, '
UOn()x = Tn(i — 1)s[-2],  5*Tn(i)x = pii
Thus the finite-level triangle is

RT(s,3,,(i — 1)5)[~2] — RT(X,J,(i)x) — RT(K, pu) = .

These finite-level triangles and identifications are functorial in n, so they form a distinguished
triangle in the derived category of inverse systems. Applying the exact functor Rl'&ln to that
triangle gives

RT(s, Zp(i — 1)95%)[—2] — RI(X, Z,(1)$5%) — RI(K, Z,(i)) =

here .
RI(K, Zy(i)) := Rlim RT(K, ;1)

is continuous p-adic Galois cohomology of the rank-one module described in the statement,
in the sense of Jannsen. No ordinary inverse-limit exactness is being assumed here; possible
derived-limit terms are part of this definition. Replacing the middle term by Z,(i)(Ok) using
the first part gives the asserted triangle.

It remains only to record the closed-fiber object used later. By Definition 1.1,

jn( )S ~ W, Qs log[ ]

for m > 0, where W,,? log = Z/p"Z. Thus
Zp(m)SrSS R1i ¥_ W Qs log[ ]
This is the special-fiber object used in the finite-field calculation below. O

The proof of Theorem 1.2 uses the comparison proposition above and the cohomological
inputs collected in Section 2. The proof is given in Section 3. After the proof, Sections 4 and 5
compute the finite groups W,,,(K) that occur in the statement, and Section 6 records the derived
splitting and explicit consequences.



2 Cohomological inputs

This section isolates the cohomological facts used in the proof of Theorem 1.2: the finite-field
term in the localization triangle, the two residue maps in weight one, and the local Galois
cohomology of positive Tate twists.

Lemma 2.1 (Finite fields). Let k be a finite field of characteristic p. Then
Ho(k;,Zp) = Ly, Hl(k,Zp) = Ly, H"(k,Zp) =0 (r=>2).

Moreover, for m > 1,
RI(k, Z,(m)$5%) ~ 0.

In the localization triangles below this last complex is abbreviated to RI'(k, Zy(m)).

Proof. The first assertions concern the constant sheaf Z,. Write Gy = Gal(k/k). It is topolog-

ically generated by Frobenius and is isomorphic to 7. For finite coefficients Z,/p"7Z with trivial
action,

HKk,Z/p"7) = Z/p"Z,  H'(k,Z/p"7Z) = Homes(Gy, Z/p"Z) = Z./p"Z,

and H4(k,Z/p"Z) = 0 for ¢ > 2, because the p-cohomological dimension of Gy, is 1. Passing to
the inverse limit over r gives

HO(k,Zy) =Zp,  H'(k,Zy) =Z,,  H(k,Zy)=0 (q22)
For m > 1, the special-fiber identification in Proposition 1.6 gives

Zp(m)gss ~ R m WnQTI:log[_m] :

Write ¢ = |k|. By the logarithmic Hodge-Witt convention recalled in Definition 1.1, equivalently

by the Bloch—Kato symbol description cited there, the sheaf WnQZﬁOg is generated by symbols

dloglai] A - -+ A dlog[am), aj € k*.
For every a € kX, a?~! =1, and ¢ — 1 is prime to p. Therefore
0 = dlog[a? '] = (¢ — 1)dlog|a].

Multiplication by ¢ — 1 is invertible on the p"-torsion sheaf W, 2} log» 50 dlogla] = 0 for every
a. Hence the sheaf WHQZ,LIOg itself is zero for m > 1 and every n. Therefore each finite-level

complex RI'(k, W, . [—m]) is zero, and so RI'(k, Zp(m)) ~= 0 for m > 1. O

Lemma 2.2 (Weight-one residue maps). In the localization triangle
R (k, Z,)[~2] — C1 — RI(K, Z,(1)) -5,

the boundary map
H'(K, Zy(1)) — HO(k,Zy)

is the p-completed valuation on K*. The boundary map
H*(K,Z,(1)) — H'(k,Z,)

is the inverse limit of the Brauer residue maps and is an isomorphism.



Proof. Work first with Z/p"Z-coefficients. Lemma 1.5 gives the finite-level localization triangle

RT(k,Z/p"Z)[~2] — RT(X, T, (1)x) — RT(K, pipn) 5 .

The boundary map
HY(K, jupn) — H°(k,Z/p"7Z)

is the degree-one part of the residue in Lemma 1.5. Under the Kummer isomorphism
KX (KX = HY (K, pyn),

write z = 7% @)y with u € Oj. The residue normalization gives {m} — 1 and unit symbols map
to 0. Hence this boundary sends x to vi(z) mod p™. Passing to R@n gives the p-completed
valuation -

K>} — Zy.

In degree two, the same finite-level localization sequence gives the p”-primary Brauer residue.
Under the Kummer sequence,

H*(K, jiyn) = Br(K)[p"] — H'(k,Z/p"Z).

This is the Brauer residue for a henselian discretely valued field: Sato’s product and residue
compatibility identify the localization boundary with the classical Brauer residue, and the nor-
malization is the same as above on cyclic algebras generated by a uniformizer. For a henselian
discretely valued field with residue field k, the Brauer residue sequence is

0 — Br(Ox)[p"] — Br(K)[p"] — H(k,Z/p"Z) — 0.

Moreover Br(Og) = Br(k) = 0, because k is finite. Hence this residue map is an isomorphism
for every n. These residue maps are compatible with the transition maps in n; taking RyLnn
gives an isomorphism

H*(K,Z,(1)) = H'(k,Z,).

The compatibility with Sato’s localization, purity, and products is part of the finite-level con-
struction of J,(1); see [6, Theorem 1.1.1, especially T3 and T4, and §4.2]. For the classical
Brauer residue sequence, see 7, Chapter XIII]. O

Lemma 2.3 (Positive Tate twists). Let ¢ > 2. Then
H°(K,7Z,(i)) = 0, H?(K,Z,(i)) = Wy _i(K)".

Furthermore HY(K,Z,(i)) is a finitely generated Z,-module of rank nx, with torsion subgroup
Wi(K). Consequently, noncanonically,

HY (K, Z,(i)) 2 )% & Wi(K).

Proof. The image Hx = X (Gk) is open in Z,. Since i # 0, the character X% is nontrivial on
this open image. If € Z, (i) were fixed by G, then h'z = x for all h € Hg. Choosing h with
h' # 1 forces x = 0, because Z, is torsion-free. Hence HY(K, Z,(i)) = 0.

Tate local duality gives

H (K, Z,(i)) = HO(K, Qy/Z,(1 — )" = Wi_i(K)".
To compute H', use the exact sequence

0 — Zy(i) — Qp(i) — Qp/Zy (i) — 0.



Since H(K,Q,(4)) = 0, the connecting map in cohomology injects
Wi(K) = H(K,Qp/Zp(i)) — H' (K, Zp(7)).

The quotient of H'(K,Z,(i)) by this image injects into the Q,-vector space H'(K,Qp(i)). A
subgroup of a Q,-vector space has no nonzero Zy-torsion, so the displayed finite subgroup is
precisely the torsion subgroup of H(K, Z,(i)).

For V' = Qy(i), i > 2, one has

HY(K,V)=0, H*K,V)=H"(K,Qu(1—1))*=0.
The local Euler characteristic formula therefore gives
dimg, H'(K,V) = ng.

The finiteness theorem for local Galois cohomology, together with comparison after tensoring
with Q,, gives
HY(K,Zy(i)) ®z, Qy = H'(K, V).

These are the finiteness and scalar-extension statements for local Galois cohomology of p-adic
representations; see [5, Chapter I]. Thus H'(K,Z,(i)) is finitely generated over Z,, and its
torsion-free quotient has rank ng. A finitely generated torsion-free module over the discrete
valuation ring Z,, is free, and the short exact sequence

0 — Wi(K) — HY(K,Zy(i)) — ZJ* — 0

splits noncanonically because Z;'¥ is projective. O

3 Proof of the syntomic theorem

This section proves Theorem 1.2. For ¢ > 1, Proposition 1.6 gives the localization triangle

RT(k, Zy(i — 1))[~2] — C; — RI(K, Zy(i)) = .

3.1 Negative weights

For ¢ < 0, the BMS normalization gives Zy,(i) = 0; see [3, Theorem 1.12 and Remark 1.14].
Hence C; ~ 0.

3.2 Weight zero

The same normalization identifies Z,(0) with the constant sheaf Z,,. Since O is henselian with
residue field k, finite etale covers of Spec O are equivalent to finite etale covers of Spec k. Thus

RT(Ok,Zp) ~ RT(k,Z,).

Lemma 2.1 gives

H(Cy) = 7y, HY(Co) = 7y,

and no other cohomology.



3.3 Weight one

For i = 1, the preceding localization triangle is

RT(k, Z,)[~2] — Cy — RT(K, Z,y(1)) = .

The corresponding part of the long exact sequence is

0 — HY(Ch) = HY(K, Z,y(1)) 25 HO(k, Z,,) — H2(Ch)
— HX(K,Z,(1)) & H'(k,Z,) = H*(Cy) = 0.
The zeroes at the two ends come from HY(K,Z,(1)) = 0, the fact that RT'(k,Z,)[—2] has no

cohomology below degree 2, H?(k,Z,) = 0, and the vanishing H3(K,Z,(1)) = 0 from the
p-cohomological dimension 2 of G. Kummer theory identifies

HY(K,Z,(1)) 2 K*,.

By Lemma 2.2, under this identification 9; is the p-completed valuation

—

K>}, — L.

—

Since K* =2 w?’ x Oj;, this map is surjective and its kernel is (’)Iﬁp. Hence

—

HY(C)) = O,
Lemma 2.2 also shows that ds is an isomorphism. Since 0 is surjective and 05 is an isomorphism,
H?(Cy) = H3(Cy) = 0; the preceding terms give H°(C1) = 0.
Finally, use the exact sequence

1—>U1—)0I><(—>k><—)1, Ui=1+mg.

The group £* has order prime to p, so its p-completion is zero and

—

-
0%, = U,

The torsion subgroup of Uy is iy (K). Choose N so large that 1+ m¥ contains no nontrivial
element of this finite torsion subgroup and the p-adic logarithm is defined on it. Then

log : 1 +m¥¥ & m¥

identifies 1 + m% with a free Z,-module of rank ng, and Uy /(1 + m%) is finite. Therefore /U\lp
is a finitely generated Z,-module whose torsion subgroup is pp~(K) and whose torsion-free
quotient has rank ng. Since Zj, is a principal ideal domain, the quotient is free and the short
exact sequence splits after choosing a complement. Thus

Of, = L% @ iy (K)

noncanonically.
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3.4 Weights at least two
Let ¢ > 2. The preceding localization triangle gives

RT(k, Zy(i — 1))[~2] — C; — RI(K, Zy(i)) = .

Since i — 1 > 1, Lemma 2.1 gives RI'(k,Z,(i — 1)) ~ 0. Therefore
C; ~ RI(K, Zy(1)).

The computation of the cohomology groups is Lemma 2.3. This completes the proof of Theo-
rem 1.2.

The proof just completed leaves the finite groups W,,(K) in cohomological form. We now
compute these groups from the image of the cyclotomic character and then substitute the
resulting formulae into the syntomic calculation.

4 Cyclotomic torsion groups
Let

XK : GK — Z;;
be the p-adic cyclotomic character, normalized so that

g(¢) = CXK(H) mod p"

for ¢ € ppn (K). Put
Hy = XK(GK) C Z;;

The subgroup H is open in Z,. Equivalently, the fixed field of Hy inside Qp(ppe) is K N
Qp(pepee), which is a finite extension of Q. This is the cyclotomic case of local class field theory;
see [7, Chapter XV].

Definition 4.1 (Cyclotomic depth). For i # 0, define
a;(K):=max{n>0|h'=1 (mod p") for every h € Hg }.

Equivalently,
(K) = inf wy(h' —1
ai(K) = inf up( );
where vy(1) for a nonzero integer i means vy(|i|), and with the convention that the value is 0 if
some h' — 1 is a p-adic unit.
Lemma 4.2. Fori # 0, the integer a;(K) is finite.

Proof. Since Hg is open in Z;, its image in the torsion-free pro-p factor is an open subgroup.

If p is odd, this factor is P =1+ pZ,; if p =2, it is P = 1+ 4Z>. Let
m: 2L, — P

be the projection in the decomposition Z; = ji,—1 x P, for odd p, or Zy ={£1} x P, for p = 2.
Choose h € Hg such that u = w(h) # 1. The p-adic logarithm is injective on P, and

log(u®) = ilog(u).

Since i # 0 and log(u) # 0, one has u’ # 1. The pro-p projection of h’ is u?, hence h? # 1. Thus
vp(h' — 1) < 00, so the infimum in Definition 4.1 is finite. O
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Theorem 4.3 (Intrinsic computation of W;(K)). Fori =0,
Wo(K) = QP/ZP‘
For i # 0, the fized subgroup of the cyclic p-divisible group Qp/Zy (i) is
Wi = (Qp/Zy (1)) [
In particular, as an abstract abelian group,
Wi(K) = 7/p" ")z,
where 7./p°Z means the zero group.

Proof. The case i = 0 is immediate. Assume ¢ # 0. For n > 1, the p™-torsion subgroup of
Qp/Zp(i) is
(Qu/Zy(1))[p"] = Z/p"L(3),

and g € Gk acts on it by multiplication by Y (g)’. Thus the full subgroup (Qp/Zp(i)) [p"] is
fixed pointwise by G if and only if

h'=1 (mod p") for every h € Hg.
This holds precisely for n < a;(K). Since the subgroups of Q,/Zy(7) form the chain
0 C (Qp/Zp(0))p] € (Qp/Zp(0)) [P?] € -+ € Qp/Zp(i),

the fixed subgroup is the largest full p"-torsion subgroup on which the action is trivial, namely

(Qp/Z (1)) [p* ). O
Corollary 4.4 (Finite-level form). Let
G = im(Grg 5 (Z/p"Z)*) = Gal(K (jm)/ K).

For n = 0, interpret the congruence modulo p° as vacuous and Gk, as the trivial group. For
1#£0, '
a;(K)=max{n>0|z"=1 forallz € Gg, }.

ai(K) s the largest order of a finite subgroup

Zp" (i) C Qp/Zp(i)

Equivalently, p

on which Gg acts trivially.

Proof. The action of Gi on Z/p™Z(i) factors through the image Gk ,, of the cyclotomic char-
acter modulo p™. The full subgroup Z/p"Z(i) is fixed pointwise if and only if every element
r € Gk, acts by multiplication by 2° = 1. Taking the largest such n gives exactly the same
maximum as in Definition 4.1. The last assertion is then Theorem 4.3 restricted to finite
level. O

5 Closed formulae for W;(K)

5.1 0Odd primes
Assume in this subsection that p is odd. Use the canonical decomposition
Z; = pp—1 X (1 +pZyp),

and write
WLy = tp-1, ():Zy = 1+pZy

for the two projections.

12



Definition 5.1. Let
di = |w(Hg)].

Equivalently, dx = [K(pp) : K|, because the mod p cyclotomic image is Gal(K (pp)/K). Since
(Hk) is an open subgroup of 1+ pZ,, there is a unique integer cx > 1 such that

<HK> =1 _‘_pCKZp.
Lemma 5.2. Let p be odd, let ¢ > 1, and let i # 0. Then

inf  wv,(u’ —1) = c+ v,(4).
i (= 1) = e+ (i)

Proof. The p-adic logarithm gives an isomorphism
log : 1 + pZy, = p°Zy.

For u € 1+ p°Z,, one has log(u') = ilog(u), also for negative i, and v,(u’ — 1) = v,(log(u?))
because u’ € 1 + pZ,. Therefore

vp(u' — 1) = v, (i) + vp(logu).

As u ranges over 1 4 p°Zj,, the valuation of logu ranges over all integers at least ¢, and the
minimum c is attained. O

Theorem 5.3 (Odd prime formula). Let p be odd and i # 0. Then
0 di {1
Q/Z(K) — ? . K * l.’
cx +vp(i), di |1,

and therefore

- )0, dr 11,
Wz(K) = {Z/pcK+vp(i)Z, dx ‘ i

Proof. Write h = w(h)(h) for h € Hy. If dk 1 i, then w(H) contains an element ¢ with ¢* # 1.
Lifting it to h € Hy gives h* Z 1 (mod p), hence a;(K) = 0.

If dg | i, then w(h)? =1 for every h € Hy. Hence h' = (h)?, and the possible valuations of
h' — 1 are exactly the possible valuations of u’ — 1 for u € (Hg) = 1+ p°Z,. Lemma 5.2 gives
a;(K) = cix + vp(i). The description of W;(K) follows from Theorem 4.3. O

Example 5.4 (The field Qp, p odd). For K = Qp, Hx = Z,, so dg =p—1 and cx = 1.
Hence, fori # 0,
0 b= 1 Jf ia

Wil(Qp) = {Z/pl"‘vp(i)Z, p—1]i.

In particular, Wy_1(Qp) = Z/pZ.
Example 5.5 (The first twist). For every K and every prime p,
Wi(K) = HO(K’ Qp/Zp(1)) = ppee (K).

For odd p, Theorem 5.3 says that this group is nonzero exactly when K contains fip.

13



5.2 The prime 2
Assume now that p = 2. Use the canonical decomposition
Zy = {£1} x (14 4Zy),

and write
e: 2y — {£1}, viZy — 1+ 47,

for the two projections.

Definition 5.6. Let
L 0, 5(HK) = {1}7
SK —
1, e(Hg)={x1}.

Since yv(H) is an open subgroup of 1 + 47y, there is a unique integer by > 2 such that
Y(Hg) =14 2K Z,.
Lemma 5.7. Let b > 2 and i # 0. Then

inf  wo(ul — 1) = b+ vy(i).
u€1+24Zo

Proof. The 2-adic logarithm gives an isomorphism
log : 1 + 47y = 47,

and restricts to an isomorphism 1 + 2074 ~ 2075 for b > 2. For u € 1 + 2bZQ, the element v’
still lies in 1 + 4Zs, and log(u’) = ilog(u). As in Lemma 5.2,

va(u' — 1) = va(i) + va(log u),
and the minimum of vy(logu) on 14 2°Zy is b. O
Theorem 5.8 (The 2-adic formula). Let p =2 and i # 0. Then
Wi(K) 2= 27/2%5)7,
where

1, sk =1 and i is odd,
br + ve(i), otherwise.

Proof. Write h = e(h)y(h) for h € Hi. Suppose first that sx = 1 and i is odd. Choose h € Hg
with e(h) = —1. Since v(h)! € 1 + 47,

W' =1=—(h)" = 1= —(y(h)" +1),

and y(h)'+1 =2 (mod 4). Thus va(h —1) = 1. Conversely, every odd 2-adic unit is congruent
to 1 modulo 2, so va(h* — 1) > 1 for all h € Hg. Therefore a;(K) = 1.

In all other cases, either sx = 0, so e(h) = 1 for every h € Hy, or i is even, so ¢(h)’ = 1 for
every h € Hg. The congruence depth is then controlled by «(h)? — 1. Since y(Hf) = 1425 Zy,
Lemma 5.7 gives a;(K) = bx + v2(i). The result follows from Theorem 4.3. For i = 1, this
says in particular that Wi (K) = pge (K) has order 2 when the sign image is nontrivial, while
if s = 0 (equivalently K contains y4) its order is 2°%. O

Example 5.9 (The field Qz). For K = Qq, Hx =Z3, so sk =1 and bx = 2. Hence

7/27, i odd,

W; = ,
@) {Z/22+”2(Z)Z, i even and i # 0.

In particular W1(Q2) = pioee (Q2) = {£1} = Z/27Z.
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6 Derived splitting and explicit consequences

This final section turns the cohomology calculation into derived-category decompositions and
records the explicit forms obtained by substituting the cyclotomic torsion formulae.

Lemma 6.1. Let R be a principal ideal domain. FEvery bounded complexr of R-modules is
noncanonically quasi-isomorphic to the direct sum of its cohomology groups placed in their co-
homological degrees.

Proof. A principal ideal domain has global dimension 1, so Ext%(—, —) = 0 for ¢ > 2. For a
bounded complex C', the truncation triangles

Ten1C — 7<nC — H™(C)[-n] 15
are classified by obstruction classes lying in second Ext groups after the lower truncations
have been split. These obstruction groups vanish, and induction on the length of C gives the
claim. 0

Proof of Corollary 1.5. Apply Lemma 6.1 with R = Z,. The cohomology groups of each C;
are those listed in Theorem 1.2. Placing each nonzero cohomology group in its cohomological
degree gives
Co ~ H°(Cy) & H' (Cy)[-1] = Z), & Z,[—1],
Ci =~ H'(C)[-1] = O [-1],
and, for ¢ > 2,
C; ~ HY(K,Z,(i))[-1] & Wi_;(K)"[-2].

The case ¢ < 0 is the vanishing already proved in Theorem 1.2. O

6.1 Summary table

The nonzero cohomology groups of C; = Z,(i)(Ok) are:

weight i | HY | H* | H?
i<0 | 0 0 0
i=0 |Z, Z, 0
s X
1=1 0 OKp 0
i>2 | 0 | HY(K,Zy(i)) | Wi_i(K)Y

For ¢ > 2, noncanonically,

HY(K, Z(i)) = 2 & W;i(K).
6.2 Oddp
Assume p is odd. For ¢ > 2, Theorems 1.2 and 5.3 give

. _Jo, di { (1 —1),
H?(Zy(i)(Ok)) = {(Z/pcK—Q—vp(i—l)Z)v’ di | (1— 1),

and
0, di 11,

Z)peE D7, dy | .
Here dg = [K(pp) : K] and (xx(Gk)) = 1+ pKZy.

tors H' (Z,(i)(OK)) = {
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Example 6.2 (The ring Z,[(p]). Assume p is odd. Let (, be a primitive p-th root of unity, put
K = Qp(Gp), Ok = Zp|Gpl,

and write
Cf = Zp(i) (Zy[Gy)-
Then ng = p — 1, and under the identification
Gal(Qp(pp=)/Qp) = Z;
the subgroup fixing K = Qp(up) is 1+ pZ,. Hence Hx =1+ pZ,, so
dg =1, cx = 1.

Therefore, for every m # 0,
Win(K) = Z/p' 7z,

Substituting this into Theorem 1.2 and Corollary 1.3 gives the following noncanonical decompo-
sitions in D(Zp):
CS~0  (i<0),
C§ ~Z,®ZLy[-1],  Ci~ (Z2'@Z/pL)[-1],
and, fori>2,
Cic ~ (ZII;_I e Z/p1+vp(i)Z)[71] ® (Z/p1+vp(z‘—1)Z)v[72].

Equivalently,
Hl(CZC) o ZZ;’)*I ® Z/lervp(i)Z (Z > 2)7 HQ(CZC) ~ (Z/lervp(ifl)Z)\/’

with no other cohomology in weights i > 2. For p = 2, one has Zz[(2] = Za, so the calculation
18 the case K = Qg recorded in Example 5.9.

6.3 p=2
Assume p = 2. For i > 2, Theorems 1.2 and 5.8 give
H*(Z2(i)(0k)) = (2/29-507)" | tors HY (Zs(i)(Or)) = 2/2007,

where, for m # 0,

am(K):{l’ sk =1 and m is odd,

bx + va(m), otherwise.

6.4 Mod p shadow

Let o
C; = C; ®%p IFp.
For every r, the universal coefficient sequence gives
0 — H"(C;)/p — H"(C;) — H™™Y(C))[p] — 0.
Thus, for ¢ > 2,
H°(Cy) = Wi(K)[p,
there is a short exact sequence
0 — HY(K,Zy(1))/p — H(C;) — Wi_i(K)"[p] — 0,
and o
H?(Ci) = Wh—4(K)" /p.
When p is odd, H°(K,F,(m)) is one-dimensional over F, exactly when dx | m, and is zero
otherwise. Hence the mod p dimensions of the syntomic weights are governed by the cyclotomic

period dg = [K(pp) : K], together with the ny unit directions coming from Ofx{p/p.
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