
A Q-OPERATOR MODEL FOR CYCLOTOMIC SYNTOMIC TATE TWISTS

WEI YANG

Abstract. Let p be an odd prime and R = Zp[ζp]. We identify Zp(i)(R), for i ≥ 1, with the
total fiber of an explicit commuting square of q-operators on A = Zp[[q − 1]]. The comparison
applies Liu’s one-correspondence construction to the defining Nygaard pullback and removes the
Hodge-completed derived de Rham term by octahedral cancellation. A finite Herr reduction and
an integral cyclotomic residue then compute the cohomology without using the syntomic–étale
comparison.

1. Introduction

Fix an odd prime p. Throughout the paper,

A = Zp[[q − 1]], d = [p]q =
qp − 1

q − 1
, R = A/(d) = Zp[ζp],

φ(q) = qp, γ(q) = qp+1, h = q(q − 1), s = p+ 1,

E(T ) := [p]1+T , π = ζp − 1, e = E′(π) ∈ R.

Thus E(T ) means the substitution q = 1 + T in [p]q, not a product. For n ≥ 1, write [n]x =
(xn − 1)/(x− 1). Put

λ(q) =
s

[s]q
, g =

γ(d)

d
, ri(a) = λ(q)iγ(a), ˜︁ri(a) = λ(qp)iγ(a).

The power series [s]q is a unit in A. Define the additive operators

(1.1) Di =
ri − id

h
, ˜︁Di =

˜︁ri − id

dh
, Fi = φ− di, Vi = qp−1φ− di−1.

We use the convention Zp(i)(R) = fib(ˆ︁φ{i} − can), where the map runs from N≥iˆ︁∆(1)
R {i} to ˆ︁∆(1)

R {i}.

Theorem 1.1. For every i ≥ 1, after fixing the cyclotomic coordinate q, the orientation d = [p]q,
and hence the induced oriented trivialization of the Breuil–Kisin Tate line, there is an equivalence
of p-complete Zp-complexes canonical relative to precisely these choices,

(1.2) Zp(i)(R) ≃ TotFib

A A

A A.

Di

Fi Vi

˜︁Di

Equivalently, the right side is the three-term complex

(1.3) C•
i =

[︃
A

a↦→(Di(a),Fi(a))−−−−−−−−−−−→ A⊕A
(b,c)↦→Vi(b)− ˜︁Di(c)−−−−−−−−−−−−−→ A

]︃

Date: July 2026.

1



2 WEI YANG

in degrees 0, 1, 2. Its cohomology, as Zp-modules, is

H0(C•
i ) = 0,

H1(C•
i )
∼= R⊕ Zp/(s

i − 1),

H2(C•
i )
∼=

{︄
0, i = 1,

Zp/(s
i−1 − 1), i ≥ 2.

The isomorphism in degree one is a noncanonical isomorphism of Zp-modules.

The proof begins with the pullback description of the Nygaard filtration from [1, Definition 6.6].
The adjacent Nygaard cofiber sequence of [2, Corollary 5.2.8] turns this pullback into an octahedral
fiber in which the Hodge-completed derived de Rham summand cancels. Liu’s one-correspondence
then realizes the remaining prismatic coefficient as a two-term arithmetic complex. Passing to the
central fiber of the Rees construction reduces the associated-graded calculation to Pham’s Weyl
model. The resulting maps are equivalences in every filtration degree, and completeness reconstructs
the filtered complex.

Under this comparison, the canonical map is the inclusion of Nygaard lattices, while divided
Frobenius gives the operators Fi and Vi in the two cochain degrees. Their difference gives the
vertical arrows in (1.2). Section 4 then computes the cohomology of the total complex by a finite
Herr reduction and an integral residue calculation.

The comparison proved here concerns the Breuil–Kisin Tate line. AKN provides the Nygaard
and syntomic package, whereas the arithmetic two-term realization comes from Liu’s cyclotomic
one-correspondence. The argument neither requires a classification of arbitrary coefficients on the
Nygaard stack nor appeals to syntomic–étale comparison.

2. The filtered Nygaard comparison

2.1. Arithmetic differential lines. Liu writes ϵ for the generator of the infinitesimal direction
in the cyclotomic one-correspondence. We denote it by ϵar in order to distinguish the arithmetic
line Aϵar from the other square-zero directions used below. Gros–Le Stum–Quirós define two free
rank-one modules of differentials

Ω∆
A/Zp

= Ad∆q, Ωqp

A/Zp
= Adqpq

in [4, §2]. The scalar derivation on the first line is

∂∆ =
γ − id

h
,

which agrees with Liu’s scalar operator [3, Construction 3.1.10 and Proposition 3.1.21]. Hence there
is a unique A-linear isomorphism compatible with scalar derivations,

(2.1) ι∆ : Aϵar
∼−−→ Ω∆

A/Zp
, ϵar ↦−→ d∆q.

The Bockstein comparison is the isomorphism

(2.2) ιqp : dAϵar
∼−−→ Ωqp

A/Zp
, dϵar ↦−→ dqpq,

and in the chosen bases it is expressed by

(2.3) dqpq = d d∆q.
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Thus the square

Aϵar Ω∆
A/Zp

dAϵar Ωqp

A/Zp

ι∆
∼

×d Bock

ιqp

∼

commutes. We shall write

ω = dϵar = dqpq, v = eϵar.

The first element belongs to the divided Nygaard differential line; the second is the basis of the
arithmetic line obtained after finite descent.

Remark 2.1. The element v need not coincide with an integral logarithmic generator in the Hodge–
Tate splitting of Bhatt–Lurie. The proof uses that splitting only as an augmented equivalence under
its degree-zero summand. Lemma 2.7 shows that changing the basis of the shifted summand leaves
the four maps in (1.2) unchanged.

2.2. The Nygaard pullback and its logarithmic residue. We write R∆ = (Spf R)∆ and
RHT = (Spf R)HT throughout. For a fixed i ≥ 1, write

Hi = H(1)
∆ (R/Zp){i}.

For every integer r ≥ 0, set

Nr,i = N≥rRΓ(WCart,Hi),

Pr,i = RΓ
(︁
WCart,N≥rF ∗Hi

)︁
,

Dr = Fil≥r
Hod

ˆ︂dRR/Zp
,

Hr = Dr ˆ︁⊗ZpRΓ(WCartHT,OWCartHT).

Definition 6.6 of [1] is the cartesian square

(2.4)

Nr,i Dr

Pr,i Hr.

The lower-right corner is the full Hodge-completed derived de Rham complex; it is not replaced by
R.

Bhatt–Lurie’s Hodge–Tate calculation [2, Proposition 3.5.11 and Example 3.5.12] gives, for every
quasi-coherent coefficient E , the canonical fiber sequence

RΓ(WCartHT,E ) −→ Eη
ΘE−−→ Eη.

For the structure sheaf, the Leibniz rule forces ΘO = 0. In a stable category the fiber of the
specified zero morphism Zp → Zp is canonically Zp ⊕ Zp[−1], and its structural map to Zp is the
first projection. Thus this is a natural splitting in the enhanced derived category, not a splitting
chosen only on cohomology. Their Example 3.5.12 identifies the generator of the shifted summand
with the logarithm. Consequently there is a canonical equivalence

(2.5) RΓ(WCartHT,OWCartHT) ≃ Zp ⊕ Zp[−1].

The unit is (id, 0). Indeed, its composite with the first projection is the identity, while its possible
shifted component lies in HomD(Zp)(Zp,Zp[−1]) = 0. Thus it has no component in the fiber of that
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projection. The second basis vector is the logarithm of the tautological G♯
m-character. Write the

lower map in (2.4), under (2.5), as

βr,i = (c0,r,Resr) : Pr,i −→ Dr ⊕Dr[−1].

Lemma 2.2 (The logarithmic form of the AKN pullback). There is a canonical equivalence

Nr,i ≃ fib
(︁
Pr,i

Resr−−−→ Dr[−1]
)︁
.

Proof. Under (2.5), the right vertical map in (2.4) is

(id, 0) : Dr −→ Dr ⊕Dr[−1].

Thus the defining pullback is the fiber of

Dr ⊕ Pr,i −→ Dr ⊕Dr[−1], (x, y) ↦−→ (x− c0,r(y),−Resr(y)).

The source automorphism

T : Dr ⊕ Pr,i
∼−→ Dr ⊕ Pr,i, T (x, y) = (x+ c0,r(y), y),

conjugates this morphism to

idDr ⊕(−Resr) : Dr ⊕ Pr,i −→ Dr ⊕Dr[−1].

Fibers commute with finite direct sums in a stable category. Its fiber is therefore

fib(idDr)⊕ fib(−Resr) ≃ 0⊕ fib(Resr),

which proves the asserted equivalence. □

2.3. Adjacent Nygaard cancellation.

2.3.1. The abstract octahedral cancellation. The following formal lemma is the operation which
removes the full Hodge corner. It does not divide a map by d.

Lemma 2.3 (Octahedral cancellation). Let C be a stable infinity-category and fix a composable pair

X
v−→ Y − u−→ Y.

Put P = fib(uv) and D = cofib(u). Let

αu,v : P −→ D[−1]

be the third arrow in the canonical fiber sequence supplied by the octahedral axiom,

fib(v) −→ fib(uv)
αu,v−−−→ cofib(u)[−1].

Then

fib(αu,v) ≃ fib(v).

Proof. Apply the fiber form of the octahedral axiom to the displayed composable pair

X
v−→ Y − u−→ Y.

It gives a fiber sequence

fib(v) −→ fib(uv) −→ cofib(u)[−1].
By definition its second arrow is αu,v; taking its fiber proves the claim. Notice that this construction
does not use, and in general there is no, a projection fib(uv)→ Y [−1]. □
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We now apply the lemma without replacing the pointwise Nygaard object by a relative two-term
complex. Let

Er,i := N≥rF ∗Hi ∈ D(WCart)

denote the pointwise Nygaard-filtered prismatic crystal occurring in Definition 6.6 of [1]. For r = 0,
put E−1,i = E0,i; the filtration is exhaustive in nonpositive degrees, but the adjacent arrow

I ⊗ E−1,i −→ E0,i
still contains multiplication by the Cartier–Witt ideal.

Write
πR : R∆ −→WCart, ρ : Spf(A) −→ R∆

for the forgetful map and Liu’s cyclotomic q-prism chart. Set

Mr,i := ρ∗π∗
REr,i, M−

r,i := ρ∗π∗
R(I ⊗ Er−1,i).

The chosen orientation ρ∗I = (d) gives a canonical identification M−
r,i ≃ dMr−1,i, where

dMr−1,i := (d)⊗A Mr−1,i.

The structural arrow from this oriented tensor copy to Mr,i is induced by multiplication by d; no
injectivity assertion is implicit in the notation.

Here and below we use Liu’s cyclotomic parameters α = 0 and n =∞. The standing assumption
that p is odd gives p > 2, which is exactly the hypothesis needed in Liu’s Proposition 3.3.1 and
Theorems 3.5.2–3.5.3. Liu’s Proposition 3.1.21 attaches to each Mr,i, functorially, the operator
associated with the arithmetic correspondence. The coefficient is pulled back from WCart, so this
construction is equivariant for G = F×

p . Let Lar = Aϵar be Liu’s arithmetic line, and set

Xr,i = MG
r,i,

Yr,i = (Mr,i ⊗A Lar)
G,

X−
r,i = (M−

r,i)
G,

Y −
r,i = (M−

r,i ⊗A Lar)
G.

Liu’s finite full-faithfulness theorem [3, Theorem 3.5.2] first identifies the global sections of Er,i with
those of its pullback to [R∆/G]. His absolute one-correspondence theorem [3, Proposition 3.3.1]
then computes the latter by the arithmetic operator, and therefore

(2.6) Pr,i ≃ fib
(︁
Xr,i

∂ar
r,i−−→ Yr,i

)︁
.

Denote this natural equivalence by

λr,i : Pr,i
∼−−→

[︃
Xr,i

∂ar
r,i−−→ Yr,i

]︃
,

where the two-term complex denotes the fiber of the displayed arrow. Ordinary invariants may be
used because |G| = p− 1 is a unit in Zp. More explicitly, if πR : [R∆/G]→WCart is induced by
πR, then full faithfulness gives, naturally in F ,

RΓ(WCart,F) = RHomWCart(O,F)
∼−−→ RHom[R∆/G](O, π∗

RF) = RΓ([R∆/G], π∗
RF).

Thus this global-sections comparison uses only full faithfulness of pullback, not essential surjectivity.
The scope of the cited results is important here. We record the applicability check explicitly.
Liu’s Proposition 3.1.21 constructs the operator functor on the whole derived category D(X∆

n ).
Proposition 3.1.23 constructs the canonical map from global sections to its fiber. Proposition 3.3.1 is
stated for every object of that category, for n ∈ N∪{∞}, and proves that this map is an equivalence;
it imposes no perfectness, boundedness, or finite-generation hypothesis on the coefficient. At n =∞,
pullback to Spf A is understood in Liu’s derived (p, d)-complete category, which is also the completion
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convention for pullback of a quasi-coherent complex from R∆. His Theorem 3.5.2 is fully faithful
on the whole category D(WCartn), and Theorem 3.5.3 applies to every object of D(WCartHT).
By construction, Er,i and I ⊗ Er−1,i are objects of D(WCart), while Dr ˆ︁⊗OWCartHT is an object of

D(WCartHT). Thus the cited results apply to these three objects with exactly the stated completion
convention. All adjacent arrows are morphisms in those same stable infinity-categories, so no closure
of a smaller coefficient class under cofibers is being assumed below. Put

Λar := (Rϵar)
G = Zpv, v = eϵar, Dar

r := Dr ˆ︁⊗ZpΛar.

Also put

P−
r,i := RΓ

(︁
WCart, I ⊗ Er−1,i

)︁
.

The superscript ar distinguishes this integral arithmetic coordinate from the logarithmic coordinate
in the Bhatt–Lurie splitting.

The adjacent relative Nygaard map of Bhatt–Lurie [2, Corollary 5.2.8, Remark 5.5.2, and
Construction 5.5.3] gives a functorial cofiber sequence of quasi-coherent complexes on WCart. After
tensoring with Liu’s arithmetic line and taking finite invariants, it gives cofiber sequences

(2.7) X−
r,i −→ Xr,i −→ Dr, Y −

r,i

ur,i−−→ Yr,i −→ Dar
r .

Here the definition of Y −
r,i includes multiplication by the prism ideal. At r = 0, the preceding

Nygaard filtration is exhaustive, but this multiplication by d remains part of the adjacent map;
therefore Y −

0,i is the d-multiple of the unfiltered arithmetic line.

2.3.2. Liu realization of the adjacent cofiber.

Lemma 2.4 (Exact naturality and specified nullhomotopies). Let F,G : C → D be exact functors
between stable infinity-categories, and let η : F ⇒ G be a natural equivalence. If a cofiber sequence
in C is regarded as a ∆2-diagram, including its specified nullhomotopy of the composite, then η gives
an equivalence between the two resulting ∆2-diagrams in D. It preserves that nullhomotopy. The
same remains true after applying functorial augmentations and taking their cofibers.

Proof. A cofiber sequence is an object of the full subcategory of Fun(∆2, C) cut out by the cofiber
condition; its nullhomotopy is the 2-simplex of that object, not an additional equality in the
homotopy category. Exactness of F and G preserves the cofiber condition, while naturality of η
gives an objectwise equivalence of the resulting ∆2-diagrams and hence preserves their 2-simplices.
Finally, cofiber is an exact functor on the arrow category, so the assertion persists after the stated
augmentations. □

Lemma 2.5 (The Hodge quotient has zero arithmetic operator). Under the canonical Hodge–Tate
trivialization in AKN Definition 6.6, the pullback of Dr ˆ︁⊗OWCartHT to Liu’s cyclotomic chart has
zero one-correspondence operator. After G = F×

p -descent its two-term arithmetic complex is[︂
Dr

0−→ Dar
r

]︂
.

Proof. Write h = q(q − 1). On the universal cyclotomic chart,

γA(q)− q = q(qp − 1) = dh.

Consequently

(2.8) (γA − id)(A) ⊂ dhA, ∂A(A) =
γA − id

h
(A) ⊂ dA.

Indeed, the first containment follows for polynomials from f(q + dh)− f(q) ∈ dhA, and then for
A = Zp[[q − 1]] by continuity, since the principal ideal dhA is closed in the Noetherian complete
local ring A. Thus the scalar one-correspondence operator induced on R = A/(d) is exactly zero.
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The adjacent Hodge quotient is Dr ˆ︁⊗OWCartHT . The bottom map in AKN Definition 6.6 uses the
canonical trivialization of F ∗O{i} on the Hodge–Tate locus. For i = 1, this trivialization is the one
obtained from the canonical identification of the Breuil–Kisin line modulo the Hodge–Tate ideal;
arbitrary i follows by tensor powers. See [2, Remark 2.5.7, Example 3.5.2, and Construction 5.5.3].
Hence the quotient contains neither a residual Breuil–Kisin character nor a shift depending on
i. The factor Dr is used here as an external constant coefficient. Liu’s target WCart carries the
trivial G-action, so its pullback has the corresponding trivial G-linearization. This concerns the
linearization in the present descent diagram; it does not say that the relative de Rham complex Dr,
equipped instead with its independent natural Galois action, is a trivial Galois representation. The
external coefficient also has no cyclotomic one-correspondence operator. Therefore the operator on
Dr ˆ︁⊗ZpR is 1ˆ︁⊗∂A = 0, not multiplication by a unit or by a Sen character.

Finally, Liu’s invariant calculation [3, Lemma 3.5.11] gives

RG = Zp, (Rϵar)
G = Zpv, v = eϵar.

Since |G| = p−1 is invertible in Zp, invariants are exact and commute with tensoring by the trivially
acted-on complex Dr. Taking invariants in the zero-operator complex therefore gives precisely

[Dr
0−→ Dar

r ]. Notice that the arithmetic basis v = eϵar is chosen only after the zero operator has
been computed on the Hodge quotient. Replacing ϵar by v therefore cannot introduce a scalar
operator or a character. □

Lemma 2.6 (Liu descent preserves the adjacent cofiber). There are natural equivalences λ−
r,i, λr,i,

and κr which form a morphism of cofiber sequences

(2.9)

P−
r,i Pr,i Hr

[︂
X−

r,i −→ Y −
r,i

]︂ [︃
Xr,i

∂ar
r,i−−→ Yr,i

]︃ [︂
Dr

0−→ Dar
r

]︂
.

λ−
r,i ∼

βr,i

λr,i ∼ κr ∼

Here the horizontal maps, including their nullhomotopies, are induced by the same functorial
adjacent Nygaard cofiber sequence. Moreover, κr is an equivalence under Dr. Taking cofibers of the
augmentations gives a second morphism of cofiber sequences

(2.10)

Dr Hr = Dr ˆ︁⊗RΓ(WCartHT,O) Dr[−1]

Dr

[︂
Dr

0−→ Dar
r

]︂
Dar

r [−1].

κr ∼ κr ∼

Proof. Bhatt–Lurie’s functorial adjacent-piece sequence [2, Corollary 5.2.8 and Remark 5.5.2],
including its Breuil–Kisin-twisted form from their Construction 5.5.3, identifies the cofiber of

I ⊗N≥r−1F ∗Hi −→ N≥rF ∗Hi

with

Dr ⊗OWCartHT .

This is a cofiber sequence of quasi-coherent complexes, with a functorial specified nullhomotopy.
Derived global sections are exact, so applying RΓ(WCart,−) gives the upper row of (2.9); its second
arrow is exactly the Hodge–Tate comparison βr,i used in the defining AKN square.
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To make the required arrow-level naturality explicit, for F ∈ D(WCart) put

K (F) := fib

(︃
(ρ∗π∗

RF)G
∂ar
F−−→ (ρ∗π∗

RF ⊗A Lar)
G

)︃
.

Liu’s coefficient operator is natural in F [3, Proposition 3.1.21]. Pullback, tensoring with Lar, finite
invariants, and fibers are exact; hence K is an exact functor. Liu’s global-sections equivalence [3,
Proposition 3.3.1], followed by the finite descent of [3, Theorem 3.5.2], is a natural equivalence

ηF : RΓ(WCart,F) ∼−−→ K (F).

Apply Lemma 2.4 to this natural equivalence and the functorial adjacent cofiber sequence above.
Exactness of K gives the lower row of (2.9), and naturality of ηF gives the two commutative squares
with their specified homotopy. The first two vertical maps are λ−

r,i and λr,i. Since |G| = p − 1 is
invertible, homotopy fixed points agree with ordinary invariants and preserve the cofiber sequence
and its specified nullhomotopy.

Lemma 2.5 identifies the quotient two-term complex, including the Tate trivialization, the scalar

operator, the G-action, and the arithmetic line, as [Dr
0−→ Dar

r ].
We now compare this complex with the Hodge–Tate corner without identifying their displayed

integral bases. Apply Liu’s Hodge–Tate one-correspondence fiber calculation [3, Proposition 3.2.3]
together with the finite-descent equivalence [3, Theorem 3.5.3] to the coefficient Dr ˆ︁⊗OWCartHT . The
resulting natural map

RΓ
(︁
WCartHT, Dr ˆ︁⊗OWCartHT

)︁
−→ RΓ

(︁
[RHT/G], Dr ˆ︁⊗O)︁

is an equivalence. Its source is Hr, while the arithmetic one-correspondence computes its target by

[Dr
0−→ Dar

r ]. Pullback preserves the unit section. Naturality with respect to the quotient map in
the adjacent sequence identifies this equivalence with the third vertical map κr in (2.9). Thus it is
an equivalence under Dr, and exactness of cofibers gives (2.10). The homotopy in the right square
is the image of the functorial nullhomotopy in Bhatt–Lurie’s adjacent sequence.

The comparison used here is the augmented derived equivalence; it does not identify the two
integral bases. Indeed, Liu’s comparison between the integral q-Sen operator and the logarithmic
Sen operator is nonlinear, although its reduction modulo p is termwise linear in the displayed
coordinates. □

2.3.3. Identification of the logarithmic residue.

Lemma 2.7 (Independence of the logarithmic coordinate). The construction of ∂div
r,i : Xr,i → Y −

r,i,
the complex Cr,i, and the comparison map to that complex do not require an identification of the
Bhatt–Lurie logarithm generator with v = eϵar. More precisely, replacing the displayed coordinate on
the shifted summand in (2.10) by any automorphism of that invertible summand changes the vertical
comparison equivalence but leaves the bottom adjacent square, its specified nullhomotopy, and its
horizontal fiber unchanged.

Proof. Before choosing a coordinate on either shifted line, (2.9) is a morphism of cofiber sequences
in the enhanced stable category. Its bottom row and its specified 2-simplex are obtained by applying
the exact functor K of the proof of Lemma 2.6 to the adjacent AKN package. Consequently the lift

∂div
r,i : Xr,i −→ Y −

r,i

is determined by that 2-simplex before the cofiber Dar
r is trivialized.

To see explicitly what a coordinate change can do, let a : Dar
r

∼−→ Dar
r be an automorphism.

Postcomposing the rightmost vertical equivalence in (2.10) by a[−1] replaces both sides of

κr Resr ≃ αr,iλr,i
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by their postcomposition with a[−1]. Intrinsically, κr and the octahedral boundary are fixed:
this operation only replaces the chosen identification of their common target with the named
free line Dar

r [−1], so both coordinate expressions change together. Since a[−1] is an equivalence,
fib(a[−1]αr,i) → fib(αr,i) is a canonical equivalence. The object Y −

r,i, the lift through Y −
r,i → Yr,i,

and therefore the bottom horizontal fiber are unchanged. Thus the possible integral unit belongs
only to a coordinate description of the comparison equivalence. It cannot alter ∂div

r,i or any arrow in
the q-complex, whose arithmetic bases were fixed independently by ϵar ↦→ d∆q and ω = dϵar. □

Remark 2.8 (Bypass certificate for the integral logarithm unit). The unknown integral unit between
the Bhatt–Lurie logarithm basis and v = eϵar is not a suppressed hypothesis. Its possible uses in
the proof are exhausted by the following list.

(1) The Bhatt–Lurie basis is used in (2.5) only to split the Hodge–Tate fiber as Zp⊕Zp[−1]. The
unit map is the first summand and is independent of a coordinate on the shifted summand.

(2) In (2.9) and (2.10), the comparison with the Liu invariant line is used only as an equivalence
underDr. Lemma 2.7 shows that changing its shifted coordinate postcomposes an equivalence
and gives a canonically equivalent fiber; it does not change the adjacent package map or its
specified nullhomotopy.

(3) The two horizontal q-operators are defined after this cancellation from Liu’s arithmetic
coordinate ϵar and the scalar-one GLSQ identifications

ϵar ↦−→ d∆q, ω = dϵar = dqpq.

Neither identification passes through the Bhatt–Lurie logarithm basis.
(4) The associated-graded normalization uses only the oriented Rees generator d and u = dt−1;

the two vertical syntomic maps use only the oriented Breuil–Kisin generator and ω.

Thus every object and arrow on the right side of (1.2) is unchanged by the unknown unit. What
varies is only a displayed coordinate for an intermediate comparison equivalence. Consequently no
scalar-one Bhatt–Lurie/Liu logarithm comparison is needed for Theorem 1.1.

Proposition 2.9 (Residue is the adjacent octahedral boundary). Let

πar
r,i : Yr,i −→ Dar

r

be the cofiber arrow in (2.7). The specified nullhomotopy of πar
r,i∂

ar
r,i determines a lift

∂div
r,i : Xr,i −→ Y −

r,i

through ur,i. Let

αr,i : fib(∂
ar
r,i) −→ cofib(ur,i)[−1] ≃ Dar

r [−1]

be the octahedral boundary of Lemma 2.3 for this specified lift. Then

κr ◦ Resr ≃ αr,i ◦ λr,i.

Consequently

(2.11) Nr,i ≃ fib
(︁
Xr,i

∂div
r,i−−→ Y −

r,i

)︁
.

Proof. Taking the two terms of Lemma 2.6 gives (2.7); taking its differential gives a specified
nullhomotopy of Xr,i → Yr,i → Dar

r . Hence the fiber description Y −
r,i ≃ fib(πar

r,i) identifies this

nullhomotopy with the stated lift ∂div
r,i . Thus the factorization is canonical relative to the specified

nullhomotopy.
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By definition of Resr, the upper composite below is Resr. Lemma 2.6 gives the entire commutative
diagram

(2.12)

Pr,i Hr Dr[−1]

[︃
Xr,i

∂ar
r,i−−→ Yr,i

]︃ [︂
Dr

0−→ Dar
r

]︂
Dar

r [−1].

βr,i

λr,i ∼ κr ∼ κr ∼

The left square is the middle-right face of (2.9); the right square is obtained from the two augmenta-
tions by the functorial cofiber construction (2.10). Thus the diagram also remembers the specified
nullhomotopy.

For completeness, write the map of arrows underlying the bottom-left map as

Xr,i Yr,i

Dr Dar
r .

∂ar
r,i

π0
r,i

πar
r,i

0

This square includes the specified homotopy πar
r,i∂

ar
r,i ≃ 0. This homotopy is precisely the extra

datum needed to lift πar
r,i through the mapping-space fiber

Map
(︁
cofib(∂ar

r,i), D
ar
r

)︁
≃ fib(Map(Yr,i, D

ar
r ) −→ Map(Xr,i, D

ar
r )) .

It therefore determines a canonical morphism˜︁πar
r,i : fib(∂

ar
r,i) = cofib(∂ar

r,i)[−1] −→ Dar
r [−1].

Passing to fibers and then taking the cofiber of the augmentation by Dr is exactly this construction:
the unshifted Dr-component is removed, while ˜︁πar

r,i remains. In an ordinary two-term cone model

it is represented by (0, πar
r,i), with the displayed homotopy supplying the chain-map homotopy.

With the fixed convention fib(f) = Cone(f)[−1], the cone model for the octahedral sequence of
Xr,i → Y −

r,i → Yr,i identifies this map with αr,i; it is not a projection from a general fiber to the

shifted target. Hence (2.12) identifies this map with κr ◦ Resr, including the homotopy which gives
the canonical factorization through Y −

r,i. Thus Lemma 2.3 applies to the displayed factorization.

Since κr is an equivalence, Lemma 2.2 and octahedral cancellation give (2.11). □

Remark 2.10. The full complex Dr is essential in Proposition 2.9. Only after the residue has been
identified with the adjacent octahedral boundary may the Hodge-completed term be cancelled. In
particular, one cannot replace Dr by R before applying the adjacent cofiber theorem.

2.4. The filtered q-model. Under the oriented generator of the Breuil–Kisin line, the calculation of
[4, Lemma 2.15, Remark 2.16(1), and Example 3 following Proposition 2.19] identifies its arithmetic
γ-action with multiplication by λ(q)i; after Frobenius pullback the factor is λ(qp)i. Thus the
operators in (1.1) are the two arithmetic actions attached to the Tate line.

Lemma 2.11 (Integral operators and horizontality). The operators Di and ˜︁Di preserve A. Moreover,
for every a ∈ A and r ≥ 1,

˜︁Di(d
ra) = dr−1 g

r−iri(a)− a

h
,(2.13) ˜︁Di(φ(a)) = qp−1φ(Di(a)).(2.14)
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For r = 0, one has g−iri = ˜︁ri and (˜︁ri − 1)/h = d ˜︁Di.

Proof. Both numerators vanish at q = 1, so they are divisible by q − 1. Modulo d one has qp = 1,
hence qp+1 = q and [p + 1]qp = p + 1; therefore ˜︁ri ≡ id (mod d). The elements d and q − 1 are
relatively prime in the UFD A: the element q−1 is prime and does not divide d, since d|q=1 = p ≠ 0.

Hence (d)∩ (q − 1) = (d(q − 1)). Since q is a unit, this proves the integrality of ˜︁Di; the proof for Di

is the first divisibility alone.
Writing both sides as quotients of qp(p+1) − 1 gives

g =
γ(d)

d
=

[p+ 1]qp

[p+ 1]q
, λ(qp)g = λ(q).

Using γ(d) = dg and λ(qp) = λ(q)g−1, one computes˜︁ri(dra) = λ(qp)iγ(d)rγ(a)

= drgr−iλ(q)iγ(a) = drgr−iri(a).

Subtracting dra and dividing by dh proves (2.13), including the stated r = 0 formula. Finally,˜︁riφ = φri and φ(h) = qp−1dh; division gives (2.14). □

Let ϵar be Liu’s arithmetic differential basis, identified with d∆q by the normalization fixed before
Theorem 1.1, and put

ω = dϵar = dqpq.

For r ≥ 0, define a two-term complex

(2.15) Cr,i =
[︃
drA

∇r,i−−→ Lr

]︃
, Lr =

{︄
Aω, r = 0,

dr−1Aω, r ≥ 1.

The differential is the restriction of ˜︁Di, namely

∇r,i(d
ra) = ˜︁Di(d

ra)ω.

For r ≥ 1, put

ρr|i = gr−iri, Qr|i =
ρr|i − 1

h
.

Then ˜︁Di(d
ra) = dr−1Qr|i(a).

For r = 0, one has

ρ0|i = ˜︁ri, ρ0|i − 1

h
= d ˜︁Di.

Thus the undivided arithmetic operator lands in dAϵar = Aω; its factorization through the adjacent
term is precisely the bottom differential in (2.15). This explains why the degree-one terms at levels
zero and one are equal. Replacing the level-zero term by Aϵar would instead introduce an additional
Hodge quotient which is absent from the Nygaard pullback.

The inclusions Cr+1,i → Cr,i make C•,i a decreasing complete filtered complex. Its graded pieces
are

gr0 C•,i ≃ R[0],(2.16)

grr C•,i ≃
[︃
R

e[r]s−−−→ R

]︃
(r ≥ 1),(2.17)

where

[r]s =
sr − 1

s− 1
, eh = p in R.
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Indeed, modulo d, one has

γ = idR, g = s, ri = si, e q(q − 1) = p.

Thus the differential on the r-th graded piece, for r ≥ 1, is multiplication by

sr − 1

h
= e

sr − 1

p
= e[r]s.

At r = 0, the two degree-one lattices agree, so the degree-one graded term is zero and gr0 C•,i = R[0].

Lemma 2.12 (Evaluation of the adjacent Liu square). For every r ≥ 0, pullback from WCart to
R∆, followed by multiplication along the diagonal, induces a commutative square

(2.18)

Xr,i Y −
r,i

drA Lr.

∂div
r,i

ev0r,i ev1r,i

∇r,i

At r = 0, the right vertical map factors through L0 = dAϵar = Aω ⊂ Aϵar. As r varies, these squares
are the Nygaard components of a morphism of complete AKN packages. In particular, they commute
with the filtration transition maps, and the comparison from level i to level 0 commutes separately
with can and with cR/A;0,i ◦ φR/A;i,i.

Proof. On R∆, put
Jr,i := I r−iO{i}.

Here I is an invertible Cartier-divisor line. For every integer m, including m < 0, the notation Im
means its tensor power, with negative powers defined by tensor powers of I∨. Thus Jr,i is a genuine
invertible coefficient for all r ≥ 0; no fractional ideal is being introduced when r < i. Let (B, IB) be
an oriented transversal prism and let x : R→ B = B/IB. Set

Tx = Rˆ︁⊗ZpB, mx : Tx −→ B, a⊗ b ↦−→ x(a)b.

The structure map B → Tx is b ↦→ 1⊗ b, and its composite with mx is the quotient map B → B.
Since R is finite free over Zp, the completed tensor product Tx is finite free as an B-module. In

particular, Tx is derived p-complete and has bounded p-power torsion whenever B does. Thus both
(B, Tx) and (B,B) lie in the category of bounded δ-pairs used by AKN, and the displayed maps form
a morphism in that category. The map used below must be distinguished from the comparison map
of AKN Definition 6.12. That definition compares, for one fixed prismatic δ-pair, AKN’s globally
defined Nygaard filtration with the usual relative Nygaard filtration; AKN Proposition 6.13 says
that this comparison is an equivalence. It does not say that the morphism induced by mx between
the two different pairs below is an equivalence. We use only the ordinary functorial map induced
by mx. We use the ring-map convention for relative prismatic cohomology: a B/IB-algebra map
S → S′ induces a map ∆S/B → ∆S′/B. Thus mx induces a map from the relative prismatic complex

of Tx over B to that of B over B. The latter is the oriented base prism.
More is true and will be needed for the syntomic map. The ring map mx is a morphism of

bounded δ-pairs
(B, Tx) −→ (B,B).

Write
PAKN

S/B :=
(︁
HS/B, NS/B, cS/B, φS/B

)︁
for the full AKN relative prismatic package. Here c : H → scp(N) has the Day-convolution target of
AKN Construction 7.3 and φ : N → sh(H); neither target will be replaced by a naive single tensor
product. Theorem 1.2 of AKN constructs this package functorially in bounded δ-pairs, and AKN
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Construction 10.44 states explicitly that the two syntomic structure maps can and cφ are functorial.
Consequently [1, Theorem 1.2 and Construction 10.44] gives a morphism of packages

(2.19) PAKN
Tx/B

−→PAKN
B/B

.

At the only component needed here, where filtration degree and Tate degree are both i, the same
morphism contains the square

N≥iˆ︁∆(1)
Tx/B
{i} ˆ︁∆(1)

Tx/B
{i}

N≥iˆ︁∆(1)

B/B
{i} ˆ︁∆(1)

B/B
{i}.

cTx/B;0,iφTx/B;i,i

cB/B;0,iφB/B;i,i

The targets are the level-zero Nygaard-completed terms. The corresponding square for can is
obtained by replacing both horizontal arrows by the filtration inclusions. This is the precise arrow-
level compatibility needed for the syntomic fiber; no assertion about every individual component of
c is required.

We spell out the target of its Nygaard component, since this is where the shift by i enters. By
the relative-prismatic comparison in [1, Theorem 1.2(2)], the package for the target pair (B,B) is
the usual relative package of the base prism. Bhatt–Lurie [2, Example 5.1.4] identifies its untwisted
level-r Nygaard term with IrB for r ≥ 0. On the other hand, [2, Remark 2.5.9 and Remark 3.6.5]
gives

F ∗O{i} ≃ I−i
B O{i}.

Consequently the level-r, i-twisted target of (2.19) is exactly

IrB ⊗B I−i
B B{i} = Ir−i

B B{i},

including when r < i, since IB is invertible. The construction is functorial under morphisms of
oriented transversal prisms and under base change of the point x. Hence these pointwise maps
satisfy the crystal compatibilities and descend to a morphism

(2.20) π∗
REr,i −→ Jr,i

on R∆. It commutes with multiplication by IB. Independently, the adjacent Nygaard fiber
sequence and its nullhomotopy are functorial in the relative algebra by Bhatt–Lurie’s Corollary 5.2.8,
Remark 5.5.2, and Construction 5.5.3. Hence the same map commutes with the adjacent Nygaard
arrows and with their specified nullhomotopies. AKN Definition 6.12 and Proposition 6.13 enter
only to identify AKN’s global construction with the usual relative Nygaard package at a fixed
prismatic pair; they do not turn (2.20) into an equivalence.

Pull back to Liu’s cyclotomic chart. His one-correspondence construction is functorial in morphisms
of coefficients, so the preceding map gives a map of the two-term arithmetic complexes and of their
adjacent cofiber sequences. The source terms in (2.18) were written using finite descent. To form
the displayed vertical maps, put Jch

r,i := ρ∗Jr,i and use the explicit factorization

MhG
r,i

(evmx )
hG

−−−−−−→ (Jch
r,i)

hG res−−→ Jch
r,i .

Since |G| is invertible, homotopy fixed points agree with the ordinary invariants used in the notation
Xr,i = MG

r,i. The target is the full A-module on the chosen chart. At this stage the vertical maps
are maps of Zp-complexes; after passage to the central associated graded, the required R-linearity
follows from Proposition 2.14.

Write ei for the oriented Breuil–Kisin generator. We use the coordinate

dr−iei ↦−→ dr
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on Jr,i = Ir−iO{i}. This is an A-linear coordinate; its nontrivial γ-change is exactly the factor
gr−iri below. For r ≥ 1, the evaluated filtration generator is therefore dr, while the evaluated
adjacent arithmetic line is

drAϵar = dr−1Aω = Lr.

The arithmetic action on this generator is ρr|i = gr−iri. Hence functoriality of Liu’s operator
identifies the bottom differential with

dra ↦−→ dr
ρr|i(a)− a

h
ϵar = dr−1Qr|i(a)ω = ˜︁Di(d

ra)ω.

For r = 0, exhaustivity identifies E−1,i ≃ E0,i, but the adjacent map is still the morphism
I ⊗ E−1,i → E0,i. The evaluation used on the first term is therefore the level-zero map E0,i → J0,i.
After tensoring it with I, its target is IJ0,i = J1,i, rather than a formally introduced negative
filtration level. On the oriented chart this is multiplication by d. Therefore the evaluated right-hand
term is

dAϵar = Aω = L0.

Moreover ρ0|i = ˜︁ri, so (ρ0|i − 1)/h = d ˜︁Di; the same calculation gives the differential ∇0,i. This
proves the square, including the asserted level-zero divisibility. □

Proposition 2.13 (Diagonal-retraction comparison). There is a canonical morphism of complete
filtered complexes

θ•,i :
(︁
N•,i

)︁∧ −→ C•,i.
It is induced by a G-equivariant natural transformation of filtered prismatic crystals. Hence its level
maps commute with the adjacent filtration arrows, and after completion the square(︁

Ni,i

)︁∧ (︁
N0,i

)︁∧
Ci,i C0,i

cφ

θi,i θ0,i

ΦC

commutes, where ΦC is the map induced by the bottom package’s composite cφ on the evaluated
complexes.

Proof. By Proposition 2.9, the true level-r object is the fiber of the upper arrow in (2.18); by
definition, the filtered Cr,i is the fiber of its lower arrow. Taking fibers in that square gives a
morphism Nr,i → Cr,i.

Equivalently, before passing to the divided-fiber presentation, the pointwise construction is a map

π∗
REr,i −→ Jr,i

on R∆, where Er,i is the pointwise Nygaard crystal defined before (2.6), and Jr,i = Ir−iO{i}.
Under the adjunction π∗

R ⊣ πR,∗, it has the correct direction Er,i → πR,∗Jr,i. At level zero the
adjacent square of Lemma 2.12, rather than this adjunction alone, is what factors the degree-one
component through dAϵar. The opposite structural unit induced by sx : B → Tx only normalizes
the multiplication retraction mx; it cannot produce a comparison in the opposite direction.

For a morphism of transversal prisms, the multiplication maps mx form a commutative square
of algebra maps. The ring-map functoriality stated in the proof of Lemma 2.12 makes (2.20) a
natural transformation of filtered crystals. It is G-equivariant because the multiplication maps are
equivariant for Liu’s cyclotomic action. Thus it descends through finite homotopy fixed points and
assembles in r.

Compatibility with cφ is not deduced from the universal property of completion. Pointwise it is
the syntomic-component square of the morphism of AKN packages (2.19), displayed in the proof of
Lemma 2.12. Pullback to Liu’s chart, the one-correspondence functor, finite homotopy fixed points,



A Q-OPERATOR MODEL FOR CYCLOTOMIC SYNTOMIC TATE TWISTS 15

fibers, and filtered completion are exact functors, so they preserve this commutative diagram. The
resulting completed square is exactly the square in the statement. □

2.5. Central fiber and completion.

2.5.1. The central Weyl model. The comparison map is now tested on the associated graded of the
Nygaard filtration. The level-zero calculation is separated from the positive levels because the two
degree-one lattices agree at that endpoint.

Proposition 2.14 (Derived central Weyl dictionary). Put Rn = R/pn, and let

Xn =
[︂
A1

−,Rn
/(G♯

a ⋊Gm)Rn

]︂
.

Let
WR,n = Rn⟨u,D⟩/(Du− uD − e), deg(u) = −1, deg(D) = 1.

Denote by Dgr,D-tors(WR,n) the full stable subcategory of the derived category of graded left WR,n-
modules whose cohomology is locally nilpotent under D: for every homogeneous class x, there is an
integer m = m(x) such that Dmx = 0. There is an equivalence of stable categories

(2.21) Dqc(Xn) ≃ Dgr,D-tors(WR,n).

Under this equivalence the structure sheaf corresponds to Rn[u], with D = e d/du.
Let

X =
[︂
A1

−,R/(G
♯
a ⋊Gm)R

]︂
≃ (RNyg)t=0.

Here Dqc(X )∧p denotes the full stable subcategory of quasi-coherent complexes whose pullbacks to the
affine quotient nerve are derived p-complete. Passing to derived p-completion gives

(2.22) Dqc(X )∧p ≃ lim←−
n

Dgr,D-tors(WR,n).

Consequently, if E,F correspond to systems (Mn) and (Nn) equipped with transition equivalences

Mn+1 ⊗L
Rn+1

Rn ≃Mn, Nn+1 ⊗L
Rn+1

Rn ≃ Nn,

then

(2.23) RHomX (E,F ) ≃ R lim←−
n

RHomgr
WR,n

(Mn, Nn).

In particular, the p-complete structure sheaf corresponds toˆ︃R[u] = lim←−
n

Rn[u].

Proof. Finite-level Cartier duality. We first work modulo pn. Write

Cn = Dqc(B(G♯
a)Rn).

Bhatt’s derived Cartier-duality theorem and its relative form [6, Propositions 2.4.4–2.4.5] give a
symmetric monoidal equivalence

Cn ≃ D(D)-comp(Rn[D]),

where the right-hand side is the category of quasi-coherent complexes on the formal dual line ˆ︁Ga,Rn ,
and its monoidal structure is convolution. Under this equivalence, pullback along the tautological
point is local cohomology at D = 0. Composing with the complete–torsion equivalence recalled in
[6, Proposition 2.4.4, footnote 21] therefore gives an equivalence

(2.24) Ψn : Cn
∼−−→ D(D)-tors(Rn[D]).

The category on the right is the full stable subcategory of D(Rn[D]) consisting of complexes on whose
cohomology every element is killed by some power of D. This is the required derived statement; no
passage through an equivalence of abelian hearts is being used.
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Monoidal transport and the Weyl module category. We spell out the monoidal structure, since it is
not enough merely to compose Cartier duality with complete–torsion duality and assert that the
latter preserves ordinary tensor products. By [6, Proposition 2.4.4(1)], the underlying Rn-complex
of Ψn(M) is the pullback of the representation M to the tautological point. On a representation in

the heart, if a denotes the divided-power coordinate of G♯
a, the corresponding coaction has the form

m ↦−→
∑︂
j≥0

Dj
M (m)a[j].

The tensor-product coaction is the product of the two coactions. Its coefficient of a[1] is therefore

DM⊗N = DM ⊗ 1 + 1⊗DN .

This is the calculation of the primitive element in the Hopf algebra defining the group action. Both
sides of the asserted monoidal comparison are exact and preserve colimits in each variable, while
the derived torsion category is generated under shifts, cones, and colimits by its heart (equivalently
by the modules Rn[D]/Dj). The heart calculation therefore determines the derived comparison.
It identifies the convolution compatibility of [6, Proposition 2.4.4(2)], after the complete–torsion
realization, with ordinary Rn-tensor product equipped with the displayed diagonal operator. In
particular, we are not using an unproved assertion that complete–torsion duality is symmetric
monoidal for ordinary tensor products.

Now use the affine equivariant dictionary before imposing the Gm-action. Quasi-coherent

complexes on [A1
−,Rn

/G♯
a] are modules in Cn over the commutative algebra object Rn[u] whose

translation coaction is

u ↦−→ u+ ea.

Under Ψn, this algebra object is Rn[u] with D = e d/du. A module over it is therefore an Rn[u]-
complex M with a D-action such that the action map

Rn[u]⊗Rn M −→M

is D-linear for the diagonal operator on the source. Evaluating this condition on u⊗m gives

D(um) = uD(m) + em,

so these module objects are left modules over WR,n whose underlying Rn[D]-complex is D-power
torsion. This gives an equivalence of derived module categories. Indeed, after forgetting the algebra
action, the monad for modules over the displayed algebra object is

M ↦−→ Rn[u]⊗Rn M

with diagonal operator D(f ⊗m) = ef ′ ⊗m + f ⊗ Dm. An algebra over this monad is exactly
a derived Rn[u]-module with an endomorphism satisfying Du− uD = e, hence exactly a derived
left WR,n-module. No additional divided-power differential operator is missing: the divided-power
integrability is precisely the condition that the restricted Rn[D]-complex have D-power-torsion
cohomology, supplied by Bhatt’s Cartier-duality theorem.

The transported monoidal structure just identified shows, in particular, that D(D)-tors(Rn[D]) is
a full monoidal subcategory. The induced category of Rn[u]-modules is likewise full in the ambient
derived category of WR,n-modules. Finally, Gm-equivariance for the semidirect product records
the grading deg(u) = −1, deg(D) = 1. This proves (2.21), including its assertion about mapping
spectra. The coordinate calculation agrees with the abelian calculation in [5, Lemma 3.11]; only
Bhatt’s theorem and the complete–torsion equivalence supply the derived enhancement.

The algebra object itself, viewed as a module over itself, corresponds to the left structure module
Rn[u] with D = e d/du. This identifies the unit object.
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Passage to derived p-completion. It remains to pass to the formal quotient. Let B• be the affine
bar nerve of A1

−,R → X , and let B•
n = B• ⊗L

R Rn. Quasi-coherent descent, the affine identity

D(Bj)∧p ≃ lim←−n
D(Bj

n), and commutation of limits give

Dqc(X )∧p ≃ Tot[j]∈∆D(Bj)∧p ≃ lim←−
n

Tot[j]∈∆D(Bj
n) ≃ lim←−

n

Dqc(Xn).

For completeness, the affine identity used here is the derived p-completion statement, not an
underived limit assertion. For a connective affine ring C, the two functors

M ↦−→ (M ⊗L
C C/pn)n, (Mn)n ↦−→ R lim←−

n

Mn

are inverse between derived p-complete C-complexes and compatible systems of C/pn-complexes.
The first composite is the defining completion equivalence M ≃ R lim←−n

(M ⊗L
C C/pn); for the

second, the derived quotient C/pn = cofib(pn : C → C) is perfect, so tensoring with it commutes
with inverse limits. Base change modulo pn and the transition equivalences of the system give
(R lim←−m

Mm) ⊗L
C C/pn ≃ Mn. Applying this degreewise to the affine bar nerve proves the stated

affine identity. Limits commute with the totalization because both are limits in the same ambient
category. The finite-level equivalences above commute with reduction in n, so taking their inverse
limit proves (2.22). Mapping objects in a limit of stable categories are limits of the finite-level
mapping objects; fullness at every finite level therefore gives (2.23). The compatible unit modules

have inverse limit ˆ︃R[u], as claimed. □

Lemma 2.15 (No central shift from the Tate index). For fixed Nygaard degree r, the central Rees
weight is −r, independently of the Tate index i. After AKN’s shearing, the central coefficient of
F ∗O{i} is therefore the structure module R[u], with no additional graded shift or character.

Proof. There are two a priori different weights. The integer i is the Breuil–Kisin grading, whereas
the Gm-weight on the central Rees fiber records the Nygaard filtration degree. They cancel in the
coefficient before the latter weight is read. More precisely, Bhatt–Lurie’s identification

F ∗O{i} ≃ I−i ⊗O{i}

on the Hodge–Tate locus is the trivialization used in AKN Definition 6.6. The Sen operator is 1 on
I and i on O{i}; by the Leibniz rule it is therefore

−i+ i = 0

on F ∗O{i}. Thus this coefficient has the trivial Hodge–Tate character.
The same cancellation is visible intrinsically in AKN Lemma 6.10. For an arbitrary twist index j,

its top fiber sequence is

grrN
ˆ︁∆(1)
R/Zp
{j} −→ Fconj

≤r Ωdiff
R/Zp

Θ+r−−−→ Fconj
≤r−1Ω

diff
R/Zp

.

The right-hand terms and the operator involve r, but not j: the twist has already disappeared under
the preceding Hodge–Tate trivialization and AKN’s shearing. Finally, Bhatt’s Rees convention
grr F = RΓ(BGm, i∗Rees(F )(−r)) identifies filtration degree r with central weight −r. Hence no
i-dependent shift remains. □

Lemma 2.16 (Central global sections). For n ≥ 1, let

WR,n = (R/pn)⟨u,D⟩/(Du− uD − e), deg(u) = −1, deg(D) = 1.

Put ˆ︂WR = lim←−
n

WR,n, ˆ︃R[u] = lim←−
n

(R/pn)[u].
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Thus ˆ︃R[u] is the p-adic completion of R[u]: its elements are sums
∑︁

j≥0 aju
j with aj → 0 p-adically.

It is a restricted-series ring, not the ordinary power series ring R[[u]]. Normalize character twists
so that OX (1) corresponds to a generator in graded degree −1. Then, for every r ≥ 0,

RΓ
(︁
X ,OX (−r)

)︁
≃

[︂
Rur

D−→ Rur−1
]︂
,

where D(ur) = re ur−1 and the second term is zero for r = 0.

Proof. Proposition 2.14 supplies the derived central-stack dictionary and identifies the structure

sheaf with the left module ˆ︃R[u], where D acts by the scalar derivation determined by D(u) = e. At
every finite level its reduction is the polynomial module (R/pn)[u]. The operator D = e d/du lowers
polynomial degree, so it is locally nilpotent on every element of every finite-level reduction. Thus

the compatible system defining ˆ︃R[u] lies in the torsion categories of Proposition 2.14. Notice that
this is a levelwise assertion; it does not incorrectly assert literal local nilpotence on an arbitrary
restricted series before reduction.

We now justify the use of PBW after completion. For every n, the ordinary PBW decomposition

WR,n =
⨁︂
m≥0

(R/pn)[u]Dm

shows that right multiplication by D is injective. All modules in this lemma are left modules.
Nevertheless rD : x ↦→ xD is a homomorphism of left WR,n-modules, since rD(ax) = a rD(x). Its
image WR,nD is a left ideal, and PBW identifies the quotient with (R/pn)[u]. In that quotient the
left action of D is the scalar derivation e d/du, because Df(u) = f(u)D + ef ′(u). We therefore
obtain the following homogeneous free resolution in the category of left modules:

0 −→ WR,n
(−)D−−−−→ WR,n −→ (R/pn)[u] −→ 0,

with the first copy shifted by the degree of D. All transition maps in this inverse system are surjective.
The Mittag–Leffler criterion therefore shows that its inverse limit is still exact; in particular, no
lim←−

1-term appears. We obtain an exact triangle of derived p-complete graded modules

ˆ︂WR
(−)D−−−−→ ˆ︂WR −→ ˆ︃R[u],

again with the source shifted.

By (2.23), derived global sections are RHomcont,grˆ︂WR
(ˆ︃R[u],−), since global sections are maps from

the unit object. Here the notation means the inverse limit of the ambient finite-level derived Hom
complexes. In particular, for every derived p-complete graded module M ,

RHomcont,grˆ︂WR
( ˆ︂WR,M) ≃M,

so applying continuous graded RHom to the completed resolution above is legitimate. Under

Homˆ︂WR
( ˆ︂WR,M) ≃M , a homomorphism f corresponds to m = f(1). Precomposition with rD sends

it to the element f(D) = Df(1) = Dm. Thus the differential induced by this left free resolution
is +D, not −D and not a right-module action. With the character convention in the statement,
tensoring by OX (−r) and then taking Gm-invariants selects degree −r of the unshifted graded Hom
complex. Applying graded Hom to the completed resolution therefore gives

[ˆ︃R[u]−r
D−→ ˆ︃R[u]−r+1] = [Rur

D−→ Rur−1].

The last equality uses that a fixed homogeneous component is already p-complete: ˆ︃R[u]−r = Rur.

The Leibniz rule and D(1) = 0 give D(ur) = re ur−1, completing the calculation. □
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2.5.2. Functoriality of the central Rees comparison.

Lemma 2.17 (Associated graded commutes with filtered completion). Let D be a stable infinity-
category admitting inverse limits, and let F• : N

op → D be a decreasing filtered object. Writeˆ︁Fr = lim←−
m>r

cofib(Fm −→ Fr)

for its filtered completion. There is a natural equivalence

cofib(Fr+1 −→ Fr)
∼−−→ cofib( ˆ︁Fr+1 −→ ˆ︁Fr).

The equivalence is natural in morphisms of filtered objects and therefore also in their arrow category.

Proof. For m > r + 1, set
Qm,r = cofib(Fm −→ Fr).

The octahedral diagram for Fm → Fr+1 → Fr gives a natural cofiber sequence

Qm,r+1 −→ Qm,r −→ cofib(Fr+1 −→ Fr).

The third term is constant as m varies. In a stable infinity-category, inverse limits are exact: a
finite cofiber is also a finite limit, and limits commute with limits. Taking the inverse limit in m
therefore gives ˆ︁Fr+1 −→ ˆ︁Fr −→ cofib(Fr+1 −→ Fr).

This is the asserted equivalence. Every arrow used in the construction is functorial in F•; applying
Fun(∆1,−) proves the final assertion. □

Definition 2.18 (Marked package arrows and their realizations). Fix the Tate index i.

(1) Package arrows. For S = WCart or S = R∆, let Ai(S) be the stable infinity-category of
base-change-compatible complete filtered AKN package squares of twist i on S. On an oriented
transversal prism (B, IB), such an object is a diagram in

Fun
(︁
Nop × (∆1 ×∆1),D(B)

)︁
;

the transition maps in the filtration and the base-change identifications under morphisms of prisms
are part of the object. Let Ai(R

∆)G denote the category of G-equivariant objects.
Define the category of marked package arrows by

(2.25) Pi := Ai(WCart) ×
Ai(R∆)G

Fun
(︁
∆1,Ai(R

∆)G
)︁
.

The functor from the first factor is π∗
R, and the functor from the second factor is evaluation at the

source of ∆1. Thus an object of Pi is a triple

a = (F , a,J ), a : π∗
RF −→ J ,

where a is a G-equivariant morphism of complete filtered package squares. In particular, a retains the
commutativity 2-simplices, the filtration transition maps, and all crystal base-change identifications.
The package morphism induced by mx : Tx → B in (2.19) defines such an object.

(2) Filtered squares of marked arrows. Put

Qi := Fun
(︁
Nop × (∆1 ×∆1),Fun(∆1,D(Zp))

)︁
.

An object of Qi is therefore a filtered adjacent square in which every vertex is itself a marked arrow.
Let

Fibad : Qi −→ Fun
(︁
Nop,Fun(∆1,D(Zp))

)︁
be the exact functor which takes the horizontal fiber of the adjacent square at each filtration level.
The commutativity 2-simplex of the square supplies the induced arrow between the two fibers. We
use the same notation for this exact construction before applying global sections. For the package
used below, Proposition 2.9 identifies Fibad with the octahedral fiber defining the Nygaard object.
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(3) Liu realization. ForM∈ D(R∆), set

KX(M) := fib

(︃
ρ∗M

∂ar
M−−→ ρ∗M⊗A Aϵar

)︃
.

For a = (F , a,J ), define the marked arrow

(2.26) Kev(a) : KX(π∗
RF)hG

KX(a)hG−−−−−−→ KX(J )hG res−−→ KX(J ).
The symbol res denotes the forgetful map from homotopy fixed points to the underlying object; it is
not an averaging or trace map. Since homotopy fixed points are exact,

KX(π∗
RF)hG ≃ fib

(︂
(ρ∗π∗

RF)hG −→ (ρ∗π∗
RF ⊗A Aϵar)

hG
)︂
.

Hence the source of (2.26) is the complex appearing in Liu’s coefficient formula.
The parallel global-sections arrow is

(2.27) Γev(a) : RΓ(WCart,F) −→ RΓ([R∆/G],J ) res−−→ RΓ(R∆,J ).
The first map is the equivalence

RHomWCart(O,F)
∼−→ RHom[R∆/G](π

∗
RO, π∗

RF)
obtained from the full faithfulness in [3, Theorem 3.5.2]; after identifying both terms with global
sections, it is followed by the map induced by a. Applying (2.26) and (2.27) at every vertex defines
exact functors

Kev,Γev : Pi −→ Qi.

(4) The two final realizations. Let Comp denote the filtered-completion functor. Define

L := Comp ◦Fibad ◦Kev.

Let Zcen = (RNyg)t=0. For r ≥ 0, define the central Rees realization

Rr := RΓ(Zcen,−) ◦ wt−r ◦i∗0 ◦ Rees ◦Fibad .
Here Rees formation and restriction to t = 0 are applied to the base-change-compatible package
before descent.

Lemma 2.19 (Naturality of Liu’s coefficient realization). There is a natural equivalence

ηev : Γev
∼

==⇒ Kev

in Qi. After applying Fibad, this equivalence carries the commutativity 2-simplex of a marked
package arrow to the specified nullhomotopy used in Proposition 2.9.

Proof. Let a = (F , a,J ) ∈ Pi. Liu’s arithmetic operator is functorial in the coefficient by [3,
Proposition 3.1.21]. The canonical morphism from global sections to its fiber is [3, Proposition 3.1.23],
and [3, Proposition 3.3.1] proves that this morphism is an equivalence when p > 2. For aG-equivariant
coefficient it is G-equivariant. Taking homotopy fixed points, and then using Liu’s finite-descent
equivalence [3, Theorem 3.5.2], gives the vertical equivalences in the square

(2.28)

RΓ(WCart,F) RΓ(R∆,J )

KX(π∗
RF)hG KX(J ).

Γev(a)

ηF ∼ ηJ∼

Kev(a)

The top horizontal arrow includes the restriction map in (2.27); the bottom horizontal arrow includes
the restriction map in (2.26). Naturality of Liu’s coefficient morphism gives the commutativity
2-simplex before restriction. A limit defining homotopy fixed points is functorial, so the same



A Q-OPERATOR MODEL FOR CYCLOTOMIC SYNTOMIC TATE TWISTS 21

2-simplex remains compatible with both restriction maps. This proves that (2.28) is a natural
equivalence of marked arrows.

The construction is vertexwise in the filtration and in the adjacent square, hence defines ηev in Qi.
Finally, Fibad is an exact functor on the enhanced arrow category. It therefore carries the displayed
2-simplex to the induced 2-simplex on horizontal fibers. By Proposition 2.9, that induced 2-simplex
is the specified adjacent nullhomotopy. □

Lemma 2.20 (Naturality of the AKN–Rees realization). For every r ≥ 0, there is a natural
equivalence of marked arrows

(2.29) χr : Γev(gr
r Fibad(−))

∼
==⇒ Rr.

In particular, the comparison is natural in the package morphism a.

Proof. The relative and absolute comparisons in [1, Theorem 1.2(2)–(3)] are natural equivalences
of complete filtered packages. Construction 10.44 of [1] makes this naturality explicit for package
morphisms. Evaluating those comparisons on

a : π∗
RF −→ J

therefore gives an equivalence in the arrow category.
Bhatt’s Rees equivalence [6, Proposition 2.2.6(3) and Remark 2.2.10] is likewise natural for filtered

morphisms. Composing it with the AKN package comparison gives (2.29). To record its arrow-level
content, let

s, t : Fun(∆1,D(Zp)) −→ D(Zp)

denote source and target evaluation. At a = (F , a,J ), the naturality 2-cell is

(2.30)

sΓev(gr
r Fibad(a)) tΓev(gr

r Fibad(a))

sRr(a) tRr(a).

χsrc
r,a ∼ χtgt

r,a∼

RΓ(wt−r i∗0 Rees(Fibad a))

The left vertical map is the absolute AKN comparison followed by the Rees associated-graded
equivalence. The right vertical map is the relative base-prism comparison followed by the same
Rees equivalence. The commutativity 2-simplex is the value on a of AKN’s natural transformation.
Thus both horizontal maps in (2.30) are realizations of the same package morphism. This proves
the asserted natural equivalence of marked arrows. □

Proposition 2.21 (Central Rees comparison). For every r ≥ 0, there is a natural equivalence of
arrow-valued functors

(2.31) Ξr : gr
r L

∼
==⇒ Rr in Fun

(︁
Pi,Fun(∆

1,D(Zp))
)︁
.

It is compatible with the nullhomotopy in the adjacent Nygaard sequence and with base change on
the full Čech nerve of the Rees chart. On Pham’s central atlas the corresponding Rees coordinate is
u = dt−1.

Proof. By Definition 2.18,

grr L = grr Comp(Fibad Kev(−)) .
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The required comparison is the following composite of natural transformations in the enhanced
arrow category:

grr Comp(Fibad Kev(−))
∼

==⇒
η−1
ev

grr Comp(Fibad Γev(−))(2.32)

∼
==⇒ grr Fibad Γev(−)(2.33)

∼
==⇒ Γev(gr

r Fibad(−))
χr

===⇒ Rr.(2.34)

The first equivalence is Lemma 2.19. The second is Lemma 2.17, applied in the arrow category. For
the third, global sections, restriction, and Fibad are exact; hence they commute with the finite cofiber
defining grr. The last equivalence is Lemma 2.20. This constructs a specified natural equivalence

(2.35) Ξr : gr
r L

∼
==⇒ Rr.

Compatibility with Liu’s coefficient equivalence and with finite G-invariants is built into (2.32).
Homotopy fixed points are exact because they are limits in a stable infinity-category. Since |G| = p−1
is invertible in Zp, they agree with the ordinary invariants used elsewhere in the paper. The map
denoted res remains the forgetful map throughout; no trace factor is introduced.

Compatibility with the adjacent nullhomotopy follows from the final assertion of Lemma 2.19.
Compatibility with completion and associated graded is precisely (2.33). These comparisons are
therefore defined before any atlas is chosen.

All package transformations in (2.32)–(2.34) commute with base change in (B, IB, x). More
precisely, the functoriality of the Nygaard-filtered prismatic package and of its two syntomic
structure maps is [1, Theorem 1.2 and Construction 10.44]; the required naturality of Liu’s one-
correspondence operator is [3, Proposition 3.1.21]; and the functoriality of the Rees construction for
filtered maps is [6, Proposition 2.2.6(3) and Remark 2.2.10]. The boundedness and completeness
hypotheses of these results hold because every level is obtained by base change from the bounded
oriented prism (A, (d)), and all filtered objects in Pi are completed by definition. Applying the
construction at every level of the full Rees Čech nerve gives an equivalence of cosimplicial arrow
objects. Totalization is functorial, so Ξr descends and retains its commutativity 2-simplices.

Finally pull the descended arrow back to Pham’s affine central atlas. On an oriented Rees chart,
the affine coordinate is the value of I → L on the chosen generator d; hence it is

u = dt−1.

Pullback is a functor and therefore preserves Ξr. Evaluate Ξr on the marked package arrow induced
by mx : Tx → B. Proposition 2.9 identifies its Liu realization with the arrow grr(θ•,i), while the
definition of Rr identifies its other realization with the direct central-Rees coefficient arrow. This
proves the assertion. □

Lemma 2.22 (Evaluation on the oriented generator). Under the central-stack identification of
Lemma 2.16 and the bases used in (2.16)–(2.17), the degree-zero component of grr(θ•,i) is

Rur −→ drA/dr+1A, ur ↦−→ [dr].

Here u is Pham’s central-atlas coordinate, identified with the Rees coordinate uq = dt−1 by the fixed
orientation I = (d).

Proof. Let

Rd =
[︁
Spf A⟨uq, t⟩/(uqt− d)

/︁
Gm

]︁
−→ RNyg

be Bhatt’s oriented Rees chart, where uq = dt−1 has degree −1. The hypotheses of [6, Remark 5.5.19]
hold because A is p-torsion free and A/p = Fp[[q − 1]] is regular. Thus this map is faithfully flat.
On its central fiber the weight −r line is generated by urq.
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We first fix the coordinate comparison, and then identify the arrow. In the construction preceding
[5, Proposition 3.4], the restriction of this very Rees chart to t = 0 is identified, using the chosen
generator d of I, with

[A1
−/Gm]R −→ (RNyg)t=0.

In general an S-point consists of a line bundle L and a factorization I ⊗A S
uS−→ L

tS−→ S. After the
fpqc base change which trivializes L, this point lies on the affine atlas A1

− → [A1
−/Gm], and uS is

represented by a map I ⊗A S → S. Pham’s affine coordinate u is then the function uS(d). This is
exactly the Rees coordinate uq = dt−1; it is not a second atlas coordinate differing from it by an
unspecified scalar. Proposition 3.4 of [5] factors this same map as

[A1
−/Gm]R −→ [A1

−/(G
♯
a ⋊Gm)]R

∼−→ (RNyg)t=0.

Proposition 2.21 identifies grr(θ•,i), in the arrow category, with the global-sections realization

of the direct central-Rees coefficient map induced by mx : Tx → B. It is therefore enough to
calculate that coefficient map on the oriented Rees chart. AKN’s fixed-pair comparison identifies
the evaluated component of the package morphism with (2.20). The map from finite homotopy
fixed points to the chart is the forgetful map and therefore preserves the oriented section.

There is also a direct local algebra check. For an oriented prism (B, IB = (dB)), relative prismatic
cohomology of the base pair (B,B) is B, with r-th Nygaard lattice IrB. The map mx : Tx → B is a
morphism over B, so the induced map to this base relative prism is the identity on B; in particular
it sends the oriented generator drB to drB. Passing to the Rees module divides this generator by tr

and therefore sends it to (dBt
−1)r = urq. This calculation takes place before global sections.

This gives the following diagram of degree-zero cochain terms after taking the r-th associated
graded:

(∗)
Rur drA/dr+1A

Rurq Rurq,

grr(θ•,i)0

u=uq ∼ χr∼ χr([ad
r]) = ā urq.

To verify commutativity, work fpqc-locally on an arbitrary central Rees S-point, trivialize its line
bundle L, and write the resulting affine-atlas coordinate as uS : I ⊗A S → S. The calculation below
is Gm-equivariant, so equality after this faithfully flat base change descends to the original point.
The upper composite is induced by mx and sends the r-fold oriented Nygaard generator to uS(d)

r.
The lower composite evaluates urq at the same point and also gives uS(d)

r. Thus the two natural
transformations agree on every test ring S, including their map on the chosen generator. The Tate
generator is the same on both sides, and Lemma 2.15 shows that AKN’s shearing contributes no
additional character. Diagram (∗) therefore identifies the degree-zero component and gives ur ↦→ [dr].
For r = 0 this is the unital structure map. □

Lemma 2.23 (Linearity on the central fiber). For every r ≥ 0, the morphism grr(θ•,i) is induced,
before taking global sections, by a morphism of quasi-coherent complexes on the central fiber

Zcen := (RNyg)t=0.

After pullback to Pham’s affine central atlas A1
−,R → Zcen, the resulting morphism is ˆ︃R[u]-linear.

Consequently, in the functorial two-term models of Proposition 2.14 and (2.16)–(2.17), it is repre-
sented by an R-linear chain map. This assertion applies to both cochain degrees, not only to the
degree-zero component of Lemma 2.22.

Proof. We keep the construction before the finite-invariant presentation. For an oriented transversal
prism (B, IB) and a point x : R→ B, the morphism of bounded δ-pairs

(B, Tx) −→ (B,B)
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induces the package morphism (2.19). Every component of this morphism is a morphism of quasi-
coherent B-complexes. In particular, the two vertical arrows in the pointwise adjacent square are
B-linear. Their compatibility with multiplication by IB, proved in Lemma 2.12, means that these
squares form a morphism of filtered quasi-coherent arrow objects.

Apply the Rees construction objectwise to this filtered square, using the base-change description
of associated graded in [6, Proposition 2.2.6(3) and Remark 2.2.10]. This does not involve global
sections: on an oriented chart it sends a filtered B-linear map to a graded B⟨uq, t⟩/(uqt− dB)-linear
map. Restriction to t = 0 is base change along

B⟨uq, t⟩/(uqt− dB) −→ (B/dB)[uq].

It therefore gives a morphism of quasi-coherent complexes which is linear over the p-completion of
(B/dB)[uq]. The crystal compatibilities in (2.20) identify these local morphisms under every map

of oriented prisms. Hence they agree on the full Čech nerve of the faithfully flat Rees chart of [6,
Remark 5.5.19]; fpqc descent glues them to a morphism on Zcen. If i0 : Zcen ↪→ RNyg denotes the
central immersion, the map before global sections is the map of horizontal arrows in the following
square of quasi-coherent complexes:

(†0)

i∗0Rees(I ⊗ π∗
RE•−1,i) i∗0Rees(π

∗
RE•,i)

i∗0Rees(I ⊗ J•−1,i) i∗0Rees(J•,i).

i∗0 Rees(ev−) i∗0 Rees(ev)

The horizontal arrows are the adjacent Nygaard maps, and the vertical arrows are the two components
of (2.20). For filtration level zero, the convention E−1,i = E0,i is used while the upper-left factor I is
retained, exactly as in Lemma 2.12. Every arrow in (†0) is OZcen-linear. Let Fr,i → Gr,i be the map
obtained by taking the horizontal fibers in (†0) and then its weight −r component. The functorial
octahedral cancellation of Lemma 2.3 takes place in the same quasi-coherent category and preserves
this linearity.

Apply Proposition 2.21 to the package morphism (2.19). Evaluating Ξr on this arrow gives the
following diagram in the arrow category:

(†)
RΓ(Zcen,Fr,i) RΓ(Zcen,Gr,i)

grr
(︁
(N•,i)

∧)︁ grr C•,i.

RΓ(evr,i)

∼ ∼

grr(θ•,i)

Here evr,i is the morphism constructed from (†0). The vertical arrows and their commutativity
2-simplex are the value of the natural transformation (2.35).

The top arrow is a morphism in Dqc(Zcen), and Zcen is a stack over Spf R. It is therefore R-linear.

Pulling it back along Pham’s affine atlas makes it ˆ︃R[u]-linear. Finally, the completed Weyl resolution
used in Proposition 2.14 is functorial in morphisms of equivariant modules, so applying its two-term
Hom model produces a strict R-linear chain map. The restriction map from finite invariants in
Lemma 2.12 is only a later global-sections presentation; no scalar linearity is inferred from that
restriction map. □

2.5.3. Associated graded and filtered reconstruction.

Proposition 2.24 (Associated graded). The map grr(θ•,i) is an equivalence for every r ≥ 0.

Proof. The source of grr(θ•,i) is the associated graded of the Nygaard object, while its target
is grr C•,i. We first justify the geometric model used to compute the source. AKN’s absolute
comparison theorem [1, Theorem 1.2(3) and Remark 6.8] identifies their completed filtered object
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with Bhatt–Lurie’s absolute Nygaard filtration. Its associated graded is intrinsic: it is the top
fiber sequence in AKN Lemma 6.10. Bhatt’s structure gauge is constructed in [6, Definition 5.3.10
and Example 5.3.12]. For the present prism (A, (d)) = (Zp[[q − 1]], ([p]q)), the hypotheses of [6,
Remark 5.5.19] apply directly: A is p-torsion free and A/p = Fp[[q − 1]] is regular. That remark
constructs a faithfully flat map

Rd =
[︁
Spf A⟨uq, t⟩/(uqt− d)

/︁
Gm

]︁
−→ RNyg.

We compute after pullback to this chart and its full Čech nerve and then descend. Thus no
special-coordinate Breuil–Kisin hypothesis and no assertion that R is quasiregular semiperfectoid is
used. Together with AKN’s absolute comparison, this identifies the descended Rees filtration with
the absolute filtered object used here. The sign and the weight in the next step are fixed by the
Rees convention, rather than by a choice of notation: [6, Proposition 2.2.6(3)] gives

grr F ≃ RΓ
(︁
BGm, i∗Rees(F )(−r)

)︁
,

and [6, Remark 2.2.10] applies the same formula to a filtered stack. Consequently the r-th associated
graded is the weight −r part of the restriction of the structure gauge to t = 0. This is not a
replacement of the absolute Nygaard stack by one Rees chart.

Pham’s presentation [5, Proposition 3.4] identifies this central fiber with[︂
A1

−/(G
♯
a ⋊Gm)

]︂
R
,

where the action in Pham’s Proposition 3.4 is

(a, λ) · u = e a+ λ−1u.

We record the resulting Ore relation directly, without relying on the displayed presentation in the

statement of Pham’s Lemma 3.11. In divided power notation, the G♯
a-coaction associated with D is

m ↦−→
∑︂
n≥0

Dn(m)a[n].

Equivariance of multiplication by u, restricted to λ = 1, and comparison of the coefficient of a[1] give

D(um) = uD(m) + em.

Thus Du− uD = e = E′(π). The Gm-part of the same action gives deg(u) = −1 and deg(D) = 1.
This is also the computation in the proof of [5, Lemma 3.11]. Thus Pham’s quotient computation
calculates the intrinsic graded object supplied by AKN Lemma 6.10; the full absolute descent
remains part of the AKN comparison above.

Lemma 2.16 computes the source at r = 0 as R[0]. Its target is also R[0] by (2.16), and the
diagonal retraction is the identity on the orientation generator.

For r ≥ 1, Lemma 2.16 computes the source as

[Rur
D−→ Rur−1] ≃ [R

re−→ R],

while (2.17) computes the target as [R
e[r]s−−−→ R]. Lemma 2.22 identifies the comparison map itself:

its degree-zero component is the identity in the displayed oriented bases. Lemma 2.23 identifies the
associated-graded arrow, before global sections, with a quasi-coherent morphism on the central fiber.
In the functorial central two-term model it is therefore a strict R-linear chain map, independently
of the earlier restriction from finite invariants to the full chart. Hence its degree-one component is
multiplication by a scalar br ∈ R. The chain-map identity gives

brre = e[r]s.
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The ring R is a domain and e ≠ 0, so br = [r]s/r. The lifting-the-exponent formula gives
vp([r]s) = vp(r); therefore [r]s/r ∈ Z×

p , and hence br ∈ R×. Thus the associated-graded map is

grr(θ•,i) =

(︃
1,

[r]s
r

)︃
: [R

re−→ R] −→ [R
e[r]s−−−→ R].

Both components are isomorphisms. This includes the boundary test r = p: both [p]s and p have
valuation 1, so their quotient is a unit. □

Remark 2.25 (Weight and sign conventions). The three normalizations used above are related as
follows:

Nygaard filtration degree r ←→ central Gm-weight − r.

In Pham’s central atlas the source complex in weight −r is [Rur
+re−−→ Rur−1], because deg(u) = −1,

deg(D) = 1, and Du−uD = e. In the filtered q-model, after the target trivializations used in (2.17),

the corresponding complex is [R
+e[r]s−−−−→ R]. The degree-zero bases ur and [dr] are identified by the

evaluation map of Lemma 2.22; its degree-zero scalar is (1), and the degree-one comparison is the
unit [r]s/r. These conventions fix both the weight and the signs used in Proposition 2.24.

Theorem 2.26 (The filtered q-model). For every r ≥ 0, relative to the cyclotomic coordinate,
orientation, and Tate-line trivialization fixed in Theorem 1.1, the map of Proposition 2.13 is a
canonical equivalence (︁(︁

N•,i
)︁∧)︁

r
≃ Cr,i.

In particular,

ˆ︁∆(1)
R {i} ≃ [A

˜︁Di−→ Aω],

N≥iˆ︁∆(1)
R {i} ≃ [diA

˜︁Di−→ di−1Aω].

Proof. The filtered q-complex is derived complete. To justify the classical completeness used here,
let m = (p, q − 1). The ring A is Noetherian and m-adically complete, d ∈ m, and each ideal dnA
is m-adically closed by Krull intersection applied to A/dnA. Compatible lifts of an element of
lim←−n

A/dn differ successively by elements of dnA ⊆ mn, hence form an m-adic Cauchy sequence. Its
limit has the prescribed image modulo every dn by the closedness just noted. Thus

A
∼−→ lim←−

n

A/dn.

Since Aω is finite free over A, both terms are derived d-complete; here we use that, over a Noetherian
ring, classical and derived d-completeness agree for finitely generated modules. Thus the canonical
maps to the derived inverse limits of their quotients by dn are equivalences. In degree one the
filtration is

Aω = Aω ⊃ dAω ⊃ d2Aω ⊃ · · · .

The repeated initial term only says that the degree-one part of gr0 vanishes. Removing that
repetition leaves the ordinary d-adic tower, so it introduces neither an additional associated-graded
piece nor a derived inverse-limit term. Both filtrations are separated by Krull intersection. The
source is complete by the definition of Nygaard completion. The cone of θ•,i is therefore complete
and has zero associated graded by Proposition 2.24. Its finite filtered quotients vanish by induction
on the filtration length, and passage to the inverse limit shows that the cone vanishes. □
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3. The syntomic q-operator square

AKN define relative Frobenius, the comparison map to Nygaard completion, and their composite
cφ in Definitions 7.1, 7.2, and 7.7 and Lemma 7.5 of [1]. Their syntomic map is can−cφ [1,
Definition 7.8]. Over the base Zp, the absolute comparison [1, Theorem 1.2(3)] identifies this package
with the absolute prismatic package of Bhatt–Lurie. Under this identification, cφ is the completed
divided Frobenius ˆ︁φ{i} of [2, Notation 5.7.5 and Remark 5.7.10]. Multiplication by −1 on the target
identifies the fiber of can−cφ with the fiber of cφ− can.

3.1. The canonical map and divided Frobenius.

Lemma 3.1 (A semilinear model for the syntomic map). On the oriented base pair (A,R) =
(A,A/(d)), the syntomic package map cR/A;0,i ◦ φR/A;i,i induces, before taking either fiber, a strict
morphism of two-term arrow objects

(‡)
diA di−1Aω

A Aω.

˜︁Di|diA

Φ0
i Φ1

i

˜︁Di

After trivializing the upper terms by dia↔ a and di−1bω ↔ b, its upper horizontal arrow is Di. Both
vertical maps are φA-semilinear maps of p-complete A-modules. The image of (‡) in the derived
arrow category is the map ΦC of Proposition 2.13.

Proof. For the base pair, relative prismatic cohomology is the discrete ring A, and every oriented
Breuil–Kisin and Nygaard term occurring here is an invertible rank-one A-module. Thus the relative
divided Frobenius and the map c are maps of discrete p-complete modules: the first is linear for its
displayed source, while the second is φA-semilinear. Their composite has semilinear components Φ0

i

and Φ1
i .

Liu’s one-correspondence construction [3, Proposition 3.1.21] attaches the arithmetic operator
functorially to a coefficient map. Applied to the two components of this package morphism, that
functoriality supplies a morphism of the two operator arrows, including its specified commutative
square. In the present base pair all four coefficient objects are discrete modules. If M and N are
any two such Zp-modules, viewed as objects of D(Zp), then for every n > 0 one has

πnMapD(Zp)(M,N) = HomD(Zp)(M,N [−n]) = 0.

Consequently a homotopy between two maps M → N , if it exists, is unique, and the two maps
determine the same homomorphism of ordinary modules. We may therefore represent the specified
commutative square by the strictly commuting square of module maps (‡). Applying the ordinary
two-term fiber construction to that strict representative gives the same arrow object in D(Zp).
The formulas for its horizontal arrows are the target calculation of Lemma 2.12 together with
Theorem 2.26. Finally, Construction 10.44 of AKN identifies this same morphism of arrows with
the syntomic-component map used in the package square of Proposition 2.13. □

Lemma 3.2 (The cyclotomic target calculation). On Liu’s universal cyclotomic chart, corresponding
to the oriented prismatic pair (A,R) with R = A/(d), the target AKN syntomic component

cR/A;0,i ◦ φR/A;i,i

has, for a, b ∈ A, the formulas

dia ↦−→ φ(a), di−1bω ↦−→ qp−1φ(b)ω.
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Proof. Degree zero. We first identify the filtered map in degree zero. The pair (A,R) = (A,A/(d))
is a prismatic δ-pair. The relative comparison [1, Theorem 1.2(2)] identifies the Nygaard-filtered
terms of twist i, together with the maps c and φ, with their usual relative prismatic models. For a
prismatic pair, the proof of AKN Lemma 7.5 constructs c as a filtered refinement of the unfiltered
map c0; this is the case used here. For the base prism R = A/(d), relative prismatic cohomology
is A. If ei is the oriented Breuil–Kisin generator, then φ(ei) = d−iei by [2, Remark 2.5.9 and
Notation 2.6.3]. Consequently the relative divided Frobenius of AKN Definition 7.1 is A-linear

and sends diae
(1)
i to aei. In the same compared package, the map c is φA-semilinear and sends

the oriented unit generator ei to e
(1)
i . The construction in the proof of AKN Lemma 7.5 supplies

its filtered refinement in this prismatic case. Hence the degree-zero component of the composite
cR/A;0,i ◦ φR/A;i,i is

dia e
(1)
i

φR/A;i,i↦−−−−−−→ aei
cR/A;0,i↦−−−−−−→ φA(a)e

(1)
i .

Here e
(1)
i denotes the generator on the Frobenius-twisted source and target, while ei denotes the

generator of the untwisted intermediate prismatic term. The relative divided Frobenius in the first
arrow is A-linear; the second arrow is the φA-semilinear map which contributes the coefficient φA(a).
The factor di is the Nygaard lattice which clears the pole d−i of the twist Frobenius; the displayed
first arrow is the divided Frobenius on that lattice. Thus no residual factor φA(d)

i/di occurs. The

Day-weight-zero target is generated by e
(1)
i . After suppressing the source and target bases e

(1)
i , the

displayed composite is precisely dia ↦→ φA(a). This records both the Day-convolution index 0 and
the Tate index i, without asserting that forgetting the filtration identifies c with c0 for an arbitrary
bounded δ-pair.

Degree one. We determine the degree-one coefficient in the strict arrow model of Lemma 3.1. The
relative Frobenius in AKN Definition 7.1 is linear for its displayed source module, the map c of
AKN Lemma 7.5 is φA-semilinear, and every evaluation and comparison map used to transport
the package is A-linear. Hence the transported composite is φA-semilinear in both cochain degrees;
Lemma 3.1 shows that these are the components of a chain map. By Theorem 2.26, its source and
target in degree one are free rank-one A-modules. Since the composite is φ-semilinear, there is a
unique µi ∈ A such that its degree-one component is

di−1bω ↦−→ µiφ(b)ω.

The chain-map identity gives, for every a ∈ A,

(3.1) ˜︁Di(φ(a)) = µiφ(Di(a)).

On the other hand, ˜︁riφ = φri and

φ(h) = qp(qp − 1) = qp−1dh, h = q(q − 1),

so a direct calculation gives

˜︁Di(φ(a)) =
φ(ri(a)− a)

dh
=

φ(h)

dh
φ(Di(a))

= qp−1φ(Di(a)).(3.2)

It remains only to justify cancellation. Since

λ(q) = 1− p

2
(q − 1) +O((q − 1)2),

the series λ(q)i − 1 is nonzero for i ≥ 1. Thus Di(1) = (λ(q)i − 1)/h ̸= 0. The ring A is a domain
and φ : A → A is injective. Comparing (3.1) with (3.2) at a = 1 therefore yields µi = qp−1, as
required.

For comparison, GLSQ [4, Remark 10.2(2)–(3), especially equation (51)] obtains the same
coefficient from the differential identity φ(ω) = dqp−1ω. □
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Proposition 3.3 (Structural maps in the completed q-model). Under Theorem 2.26, the canonical
map is the inclusion of the two lattices. The divided Frobenius is

dia ↦−→ φ(a),

di−1bω ↦−→ qp−1φ(b)ω.

After trivializing the source by di, di−1ω and the target by 1, ω, the difference cφ− can is Fi = φ− di

in degree zero and Vi = qp−1φ− di−1 in degree one.

Proof. The assertion for can follows because θ•,i is a morphism of filtered objects. For divided
Frobenius, the pointwise comparison is the morphism of packages (2.19). We use only its syntomic-
component square, where the relevant horizontal map is cS/B;0,i ◦ φS/B;i,i; commutativity follows
directly from the functoriality of cφ in AKN Construction 10.44. After restriction to Liu’s universal
cyclotomic chart, Lemma 3.2 computes the target member of this package square. Functoriality of
(2.19) is used only to transport that target calculation to the source member. The exact operations
used in Proposition 2.13 and the subsequent completion transport that square to θ•,i, so the same
two formulas hold in the completed model.

Subtracting the lattice inclusions gives the two claimed formulas. Their horizontality is the
algebraic identity ˜︁Di(φ(a)) = qp−1φ(Di(a)), ˜︁Di(d

ia) = di−1Di(a).

□

Corollary 3.4 (The syntomic q-operator square). There is a natural equivalence

Zp(i)(R) ≃ TotFib

A A

A A.

Di

φ−di qp−1φ−di−1

˜︁Di

With the convention cφ− can for the vertical maps, this is the complex C•
i of (1.3).

Proof. By AKN Definition 7.8 and the absolute comparison of [1, Theorem 1.2(3)], Zp(i)(R) is the
fiber of can−cφ from filtration degree i to degree zero. Multiplication by −1 on the target replaces
this map by cφ− can. Use the degree-i and degree-zero cases of Theorem 2.26 and Proposition 3.3.
Explicitly, if f : [X0 → X1]→ [Y 0 → Y 1] is a chain map, then Cone(f)[−1] is

[X0 (dX ,f0)−−−−−→ X1 ⊕ Y 0 (f1,−dY )−−−−−−→ Y 1].

Applying this formula gives (1.3). The square commutes by the two identities in Lemma 2.11; hence
the displayed second differential annihilates the first. □

4. Direct computation of the cohomology

Let C•
i denote the three-term complex in (1.3). Put

T = q − 1, s = p+ 1, W = qp − 1 = dT.

We compute its cohomology by a finite Herr reduction. No syntomic–étale comparison enters the
calculation. Every argument in this section is algebraic in A and in the four operators of (1.1).
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4.1. Finite Herr reduction. For m ≥ 0, inside the common fraction field of A, set

Mm = T−mA, Nm = W−mA, K•
m =

[︂
Mm

φ−1−−→ Nm

]︂
.

The complex is placed in degrees 0, 1. Since φ and γ commute, the operator

Pi := siγ − 1

defines a chain map K•
i → K•

i−1. We use the cohomological totalization convention

Tot0 = K0
i , Tot1 = K0

i−1 ⊕K1
i , Tot2 = K1

i−1.

Writing dK = φ− 1, its two differentials are

x ↦−→ (Pix, dKx), (y, z) ↦−→ dKy − Piz.

Proposition 4.1 (Exact Herr form of the square). There is an isomorphism of complexes

C•
i
∼= Tot

(︁
K•

i
Pi−→ K•

i−1

)︁
.

In the four corners it is given by

a ↦−→ T−ia, b ↦−→ qT 1−ib, c ↦−→W−ic, z ↦−→ qW 1−iz.

Proof. Since
γ(T ) = [s]qT, γ(W ) = [s]qpW,

the definitions of ri and ˜︁ri give
(siγ − 1)(T−ia) = qT 1−iDi(a),

(siγ − 1)(W−ic) = qW 1−i ˜︁Di(c).

Moreover,

(φ− 1)(T−ia) = W−iFi(a),

(φ− 1)(qT 1−ib) = qW 1−iVi(b).

These identities identify both total differentials, including their signs. □

Lemma 4.2 (Degree-zero Herr cohomology). For every m ≥ 0,

H0(K•
m) = Zp.

Under these identifications, the map induced by Pi = siγ − 1 is multiplication by si − 1.

Proof. An element of H0(K•
m) has the form T−ma with

φ(a) = dma.

If a ̸= 0, write a = T ru, where u(0) ̸= 0. Since φ(T ) = W = dT , comparison of constant terms
after cancelling T r gives pru(0) = pmu(0), and hence r = m. The remaining equation is φ(u) = u.
If unT

n is the first nonconstant term of u, the coefficient of Tn in φ(u)− u is (pn − 1)un. This is
zero only when un = 0, because pn − 1 ∈ Z×

p . Induction on n gives u ∈ Zp. Thus T
−ma is constant.

Conversely, constants are fixed by φ. Finally, γ fixes constants, so Pi acts on this copy of Zp by
si − 1. □

Multiplication by Wm identifies H1(K•
m) with

Qm := A/FmA, Fm = φ− dm.

Here Qm is the cokernel in the category of Zp-modules; Fm is Zp-linear but not A-linear. Under
this identification, the map induced by Pi is

Li : Qi −→ Qi−1, Li = q ˜︁Di =
˜︁ri − 1

W
.
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Indeed, LiFi = Fi−1(qDi).

Lemma 4.3 (Finite freeness of the vertical cokernels). For every m ≥ 0, the module Qm is finite
free over Zp, of rank

rankZp(Qm) = 1 +m(p− 1).

For m ≥ 1, multiplication by W gives a short exact sequence

(4.1) 0 −→ Qm−1
[a]↦→[Wa]−−−−−−−→ Qm −→

A/WA

Zp (1− dm)
−→ 0.

The last term is finite free of rank p− 1.

Proof. The operator φ − 1 restricts to an automorphism of TA: in the basis T, T 2, . . ., its n-th
diagonal coefficient is pn − 1, which is a p-adic unit, and all remaining terms have larger T -adic
order. Successive solution modulo TN , followed by the inverse limit using the T -adic completeness
of A, constructs its inverse on TA. Hence Q0 = A/(φ− 1)A ∼= Zp.

For m ≥ 1, write a = a(0) + Tb. The identity

Fm(Tb) = WFm−1(b)

gives

(4.2) FmA = Zp(1− dm) +WFm−1A.

Equation (4.2) shows that multiplication by W induces the first map in (4.1). To check injectivity,
suppose

Wa = c(1− dm) +WFm−1(b), c ∈ Zp.

The polynomial W = (1 + T )p − 1 is distinguished of degree p, so Weierstrass division identifies
A/WA with the finite free Zp-module on 1, T, . . . , T p−1. In this basis the class of 1− dm has first
coordinate 1− pm ∈ Z×

p . It is therefore a primitive vector: projection to its unit coordinate splits its
Zp-span, and in particular no nonzero element of Zp annihilates it. Reducing the displayed equality
modulo W now gives c = 0. Cancellation of the non-zero-divisor W then gives a ∈ Fm−1A.

The cokernel is the last term in (4.1). The polynomial W = qp − 1 therefore makes A/WA finite
free of rank p, and the primitive-vector argument just given shows that the indicated Zp-span is a
direct summand. The last term is consequently finite free of rank p− 1. Induction on m proves the
assertion. □

In particular, each image FmA ⊂ A is closed for the p-adic topology: its quotient Qm is finite
free over Zp, hence separated. Thus the algebraic cokernels used below agree with the cokernels in
p-complete Zp-modules; no additional completed-cokernel convention is being imposed.

The inclusions in (4.1) define a filtration

Q0 ⊂ Q1 ⊂ · · · ⊂ Qm.

In the fractional model, γ acts on the quotient Qm/Qm−1 as multiplication by s−m. Indeed, on the
new principal-part quotient one has W = 0, so

γ(q) = qp+1 = q, [s]qp = s,

and the factor W−m contributes s−m.

Corollary 4.4 (The kernel of the finite map). For every i ≥ 1, the map Li : Qi → Qi−1 is surjective
after inverting p. Its integral kernel is finite free of rank p− 1, and its cokernel is finite.

Proof. On Q0 ⊗Qp, the operator Pi = siγ − 1 is multiplication by si − 1. On (Qm/Qm−1)⊗Qp,
for 1 ≤ m ≤ i− 1, it is multiplication by si−m − 1. These scalars are nonzero. Thus the restriction
of Pi from Qi−1 ⊗Qp to itself is an automorphism, so Li ⊗Qp is surjective. The rank difference in
Lemma 4.3 gives a free kernel of rank p− 1. □
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Proposition 4.5 (Direct computation in degrees zero and one). For every i ≥ 1,

H0(C•
i ) = 0

and, noncanonically as a Zp-module,

H1(C•
i )
∼= A/(d)⊕ Zp/((p+ 1)i − 1).

Moreover,

H2(C•
i ) = coker(Li).

Proof. The two-column spectral sequence of Proposition 4.1 has, in vertical degree zero,

Zp
si−1−−−→ Zp,

and, in vertical degree one,

Qi
Li−→ Qi−1.

There are no later differentials. The first map is injective and has cokernel Zp/(s
i − 1). Corollary

4.4 identifies the kernel of the second map with a free module of rank p − 1. The extension in
degree one splits because its quotient is free. Finally, A/(d) is free of rank p− 1, giving the stated
noncanonical identification. Degree two is the displayed cokernel. □

Corollary 4.6 (Weight one). For i = 1,

H0(C•
1 ) = 0, H1(C•

1 )
∼= A/(d)⊕ Zp/p, H2(C•

1 ) = 0.

Proof. Here Q0
∼= Zp, with quotient map given by the constant term. The element L1(T ) has

constant term 1. Thus L1 : Q1 → Q0 is surjective. Apply Proposition 4.5. □

4.2. The remaining elementary divisor. We now compute the finite cokernel without an infinite
Smith reduction. The first input is the exact map on the associated graded of the finite

W -filtration.
For later use, observe that for 1 ≤ k ≤ i− 1,˜︁ri(W ka) = skW k˜︁ri−k(a).

After subtracting W ka and dividing by W , this becomes

(4.3) Li(W
ka) = W k−1

(︁
(sk − 1)a+ skWLi−k(a)

)︁
.

Lemma 4.7 (At most one Cartier generator). For i ≥ 2,

dimFp

(︁
coker(Li)/p

)︁
≤ 1.

Proof. Since Qi and Qi−1 are finite free over Zp, reduction modulo p commutes with the cokernel.
Write

k = Fp, B = k[q]/(qp − 1) = k[T ]/(T p), Qm = Qm/pQm.

The exact sequences (4.1), which remain exact after reduction modulo p, give an increasing filtration

FrQi := W i−rQr, 0 ≤ r ≤ i.

Here and below the right-hand side denotes the image of the iterated injection in (4.1). In particular,
the superscript W i−r records that iterated injection; it is not multiplication by the class of W ,
which is zero in the auxiliary ring B = A/(p,W ). Its graded pieces are

(4.4) gr0Qi
∼= k, grr Qi

∼= B/k(1− d
r
) (r ≥ 1),

where d = T p−1. In particular, d
r
= 0 in B for r ≥ 2. On the bottom piece F0Qi ≃ Q0, the map Li

is induced by Pi = siγ − 1. The constant-term identification Q0 ≃ Zp makes γ the identity, so this
bottom map is zero modulo p.
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For 1 ≤ r < i, apply (4.3) with k = i− r. Since sk − 1 ∈ pZp, reduction modulo p gives

Li(W
i−ra) = W i−rLr(a).

For r = i, the same equality is tautological. Consequently Li lowers the filtration index by one, and
the induced map

grr Qi −→ grr−1Qi−1

is the map induced by Lr. On gr1 → gr0 this map is surjective: the constant term of L1(T ) is 1.
It remains to compute the maps for r ≥ 2. In characteristic p,

γ(q) = q(1 +W ), [p+ 1]qp = 1 +W p−1 +W p.

Since p is odd, the second identity implies(︃
p+ 1

[p+ 1]qp

)︃r

≡ 1 (mod W 2).

Taylor expansion modulo W 2 therefore gives, for a ∈ A,

(4.5) Lr(a) ≡ q
da

dq
(mod W ).

Thus the map on the graded pieces in (4.4) is induced by the Euler operator

E = q
d

dq
: B −→ B.

In the basis 1, q, . . . , qp−1, one has E(qa) = aqa. Hence

ker(E) = k · 1, im(E) = ⟨q, q2, . . . , qp−1⟩k.
For r ≥ 3, both the source and target of the graded map are B/k · 1, and E induces an isomorphism.
For r = 2, the map is

B/k · 1 −→ B/k(1− d).

Since

1− d = −
p−1∑︂
a=1

qa ∈ im(E),

its image has codimension one in the target. We have therefore shown that every graded map is
surjective except the map from degree 2 to degree 1, whose cokernel is one-dimensional.

For clarity, the finite-filtered lifting used here is the following elementary argument. Start with a
target class and its highest nonzero graded component. Whenever the corresponding graded map
is surjective, choose a graded preimage, lift it to the source filtration, and subtract its image; the
highest nonzero filtration degree strictly decreases. Because the filtration is finite, this process
terminates. At the unique exceptional map, from degree 2 to degree 1, the unliftable part is the
image of the target component in its one-dimensional graded cokernel. After choosing one lift of a
representative of that cokernel, all lower components are again removed by the surjective graded
maps. Thus the total cokernel is a quotient of that one-dimensional exceptional graded cokernel.
Hence

dimk coker(Li mod p) ≤ 1,

as required. □

We next construct the integral functional that detects the exponent. Let K = Qp(µp). If m ≥ 1
and y ∈W−mA, define

(4.6) Resp(y) :=
∑︂
ζp=1

resq=ζ

(︃
y
dq

q

)︃
∈ K.
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Lemma 4.8 (Integral cyclotomic residue). For every m ≥ 1, the map in (4.6) takes values in Zp,
is continuous, and is surjective. It kills

(φ− 1)T−mA ⊂W−mA

and therefore induces a surjection

ResHm : H1(K•
m) −→ Zp.

Moreover,
Resp(γy) = s−1Resp(y).

Proof. It is enough first to take y = qn/Wm, with n ≥ 0. Under u = qp, summation over the p local
branches gives

(4.7) Resp

(︃
qn

Wm

)︃
=

⎧⎨⎩
(︃
n/p− 1

m− 1

)︃
, p | n,

0, p ∤ n.

Indeed, the trace of qn is zero unless p | n; if n = pr, the factor p in the trace cancels dq/q = p−1du/u,
and the required residue is the coefficient of (u− 1)m−1 in ur−1. The generalized binomial coefficient
in (4.7) lies in Zp, including n = 0. For n = 0 it equals (−1)m−1, so the map is surjective.
Polynomials in q are dense in A for the (p, T )-adic topology. For fixed m, each local residue depends
continuously on the first m Taylor coefficients at T = ζ − 1. More explicitly, translation defines a
continuous map

A = Zp[[T ]] −→ K[[q − ζ]], f(T ) ↦−→ f
(︁
(ζ − 1) + (q − ζ)

)︁
,

from the (p, T )-adic topology to the coefficientwise topology: the substitution converges because
ζ − 1 is topologically nilpotent. Taking the finite jet of order m − 1, multiplying by the fixed
Laurent expansion of W−mdq/q, and extracting the coefficient of (q−ζ)−1 are continuous operations.
Summing over the finite set of p-th roots proves continuity. Density and (4.7) then prove integrality
and surjectivity on W−mA: the formula is Zp-valued on the dense polynomial submodule, and Zp

is closed in K, so its continuous extension is still Zp-valued.
Let x ∈ T−mA. The function x has a pole among the p-th roots of unity only at q = 1. On each

branch of u = qp,
dq

q
=

1

p

du

u
.

Summing the displayed branchwise change-of-variables identity shows that the p residues of φ(x) dq/q
equals the residue of x dq/q at q = 1. Thus Resp((φ− 1)x) = 0.

Finally, q ↦→ qs fixes every p-th root of unity and is a local isomorphism there. Since d log(qs) =
s d log(q), change of variables gives

resq=ζ

(︃
y(qs)

dq

q

)︃
= s−1 resq=ζ

(︃
y(q)

dq

q

)︃
,

which proves the last formula. □

For i ≥ 2, the residue is compatible with the horizontal map. Namely, for [a] ∈ Qi,

(4.8) ResHi−1(Li[a]) = (si−1 − 1)ResHi ([a]).

This follows by applying Lemma 4.8 to

Pi(W
−ia) = W 1−iLi(a).

We also need one explicit class. Put

(4.9) z1 := (1− p)−1

(︃
d− p− p− 1

2
W

)︃
∈ A.
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Lemma 4.9 (A residue-one class). The class of z1 in Q1 lies in ker(L1), and

ResH1 ([z1]) = 1.

Proof. The required constant terms can be read off before any quotient is taken. Indeed,

d− p =

(︃
p

2

)︃
T +O(T 2), ˜︁r1(d− p)− (d− p) = p

(︃
p

2

)︃
T +O(T 2),

while W = pT + O(T 2). Hence the constant term of L1(d − p) = (˜︁r1(d − p) − (d − p))/W is(︁
p
2

)︁
= p(p− 1)/2. On the other hand,

L1(W ) = p.

Since Q0 = A/(φ− 1)A is identified with Zp by the constant term, equation (4.9) gives L1[z1] = 0.
For m = 1, formula (4.7) says that the residue is the average of the values at the p-th roots. Since

d =
∑︁p−1

r=0 q
r,

Resp

(︃
d− p

W

)︃
= 1− p.

The term (p−1)W/2, after division by W , is regular and has zero residue. Hence ResH1 ([z1]) = 1. □

Proposition 4.10 (The finite cokernel). For i ≥ 2,

coker(Li) ∼= Zp/(s
i−1 − 1).

Proof. Let
xi = [W i−2z1] ∈ Qi−1.

In the fractional model this is the same element W−1z1, so Lemma 4.9 gives

ResHi−1(xi) = 1.

Equation (4.8) therefore induces a homomorphism

Res
H
i : coker(Li) −→ Zp/(s

i−1 − 1)

that sends the class of xi to 1.
Apply (4.3) with k = i− 1 and a = z1. Since L1[z1] = 0, there is b ∈ A with

L1(z1) = F0(b).

The identity
W i−1F0(b) = Fi−1(T

i−1b)

shows that the second term on the right side of (4.3) vanishes in Qi−1. Hence

(si−1 − 1)xi = 0 in coker(Li).

By Lemma 4.7, the finite Zp-module coker(Li) has at most one generator. The residue of xi is a
unit, so its reduction is nonzero; Nakayama’s lemma therefore shows both that the mod-p cokernel
is one-dimensional and that xi is a generator. We obtain a surjection

Zp/(s
i−1 − 1) −→ coker(Li), 1 ↦−→ xi.

Its composite with Res
H
i is the identity. Both maps are therefore isomorphisms. □

Theorem 4.11 (Direct cohomology of the q-Ore complex). For every i ≥ 1,

H0(C•
i ) = 0, H1(C•

i )
∼= A/(d)⊕ Zp/(s

i − 1),

H2(C•
i )
∼=

{︄
0, i = 1,

Zp/(s
i−1 − 1), i ≥ 2.

The isomorphism in degree one is noncanonical.
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Proof. Combine Proposition 4.5, Corollary 4.6, and Proposition 4.10. □

Corollary 4.12 (Cyclotomic syntomic cohomology). Let R = Zp[ζp] = A/(d). For every i ≥ 1,

H0
(︁
Zp(i)(R)

)︁
= 0,

H1
(︁
Zp(i)(R)

)︁ ∼= R⊕ Zp/
(︁
(p+ 1)i − 1

)︁
,

H2
(︁
Zp(i)(R)

)︁ ∼= {︄
0, i = 1,

Zp/
(︁
(p+ 1)i−1 − 1

)︁
, i ≥ 2.

The isomorphism in degree one is noncanonical as an isomorphism of Zp-modules.

Proof. Corollary 3.4 gives a natural equivalence Zp(i)(R) ≃ C•
i . Apply Theorem 4.11 and use

A/(d) = R. □

Proof of Theorem 1.1. The equivalence with the q-operator square is Corollary 3.4. Its direct
cohomology calculation is Theorem 4.11, and A/(d) = R. These statements give all parts of
Theorem 1.1. □
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