Internal projectivity and properness of dualizable categories

Abstract

Relative internal projectivity implies properness for dualizable modules over a rigid E;-
monoidal category. We prove this by constructing a strongly continuous localization from
a proper module and transferring a criterion for properness through compact morphisms in
the internal Hom. The converse fails over every nonzero rigid base. Over a field, an explicit
compactly generated presheaf category gives a counterexample: a diagram of Laurent
modules admits no lift, even up to retract, through the induced functor on dualizable
internal Homs. We describe the resulting integer inequalities and show that every countable
restriction of this diagram does lift.

1 Introduction

Throughout this note, categories are co-categories, and presentable categories are stable. We
fix a universe; sets, indexing categories and colimits called small are taken in this universe. A
functor is continuous if it preserves small colimits, and strongly continuous if it is continuous
and its right adjoint is continuous. We write Fun®” and Fun®” for the corresponding functor
categories, Map for mapping spaces, and Hom for mapping spectra. Tensor products without
a subscript are taken over Sp. Factorizations include a homotopy from the composite to the
specified map; identities between functors or natural transformations are interpreted in their
functor oco-categories.

Let &€ be a rigid presentable Eq-monoidal category in the sense of [EI, Definition 1.1]: its
unit 1¢ is compact, and its multiplication admits a continuous £—E-linear right adjoint. The
category Catgua‘1 has dualizable left £-modules as objects and strongly continuous &-linear
functors as morphisms. Rigidity ensures that a continuous right adjoint to an &£-linear functor
is itself £-linear [EI, Proposition 1.12(iv)].

For C € Catd"?l its relative dual is the right £&-module CV = Funk(C, £). The module C is
proper over £ if evaluation

eveye C®CV — &
dual

is strongly continuous. For C, D € Catd"¥, write Hom&"¥!(C, D) for their relative internal Hom

in dualizable categories. It is an object of Catgtual, characterized by

Fun’® (A, Hom@"?'(C, D)) ~ Funf (A @ C, D) (1)

for dualizable A; see [EI, Definition 3.1].
Universal evaluation induces a comparison functor

pp : Homd'?! (¢, D) — Funk(C, D).

For a strongly continuous £-linear functor g : D — D', its defining compatibility with evaluation

gives a natural equivalence

pp o Hom@"(C, q) =~ ¢, o pp, (2)

where ¢, denotes postcomposition. Taking A = Sp in (1) also gives

Hom{"!(C, D)* ~ Funk®(C, D). (3)



Here the left side denotes compact objects in the dualizable internal Hom; their ordinary
comparison images are the functors on the right.

Definition 1.1. A dualizable left £&-module C is relatively internally projective if
Hom{"(C, —) : Catdal — Catdua!
takes short exact sequences to short exact sequences.

A short exact sequence consists of a fully faithful functor followed by its Verdier quotient,
with both functors strongly continuous. Efimov proved relative internal projectivity for proper
wi-compact modules [EI, Theorem 3.6]. In that statement the relative diagonal, the image
of the sphere under coevaluation in CV ®¢ C, is required to be wi-compact. For proper
modules, this is equivalent to wi-compactness as an object of Catgual [EI, Theorem 1.13].
He also suggested that internal projectivity should imply properness without a compactness
assumption [EI, Section 3.3, before Proposition 3.19].

Theorem 1.2. Let £ be a rigid presentable stable E1-monoidal category. Every relatively
internally projective dualizable left £-module is proper over £.

Theorem 1.3. For every nonzero rigid presentable stable Eq-monoidal category &, there is a
proper dualizable left £-module that is not relatively internally projective. When & = D(k) for
a field k, such a module can be chosen compactly generated, with a set of compact generators
whose pairwise mapping k-modules are either zero or k.

The proof of Theorem 1.2 first expresses properness as a condition on relative Hom
objects induced by compact morphisms (Proposition 2.1). We then construct a strongly
continuous localization from a proper module to any dualizable module (Proposition 3.1).
Internal projectivity allows the identity to be factored through compact morphisms above this
localization. Section 4 uses that factorization to transfer the Hom criterion to the target.

For Theorem 1.3, Section 5 constructs a bipartite diagram of Laurent modules. A hypothet-
ical lift in the internal Hom gives a compact morphism at each vertex, hence a bound on the
Laurent denominators at that vertex. A diagonal choice among the target vertices contradicts
one of these bounds. Section 6 carries out the same calculation using the compact unit of
a rigid base. Section 7 gives a matrix criterion for lifting and explains why every countable
restriction lifts although the full diagram does not.

Acknowledgements. The question considered in this note was suggested by Daming Zhou.

2 Compact morphisms and a criterion for properness

A morphism f :x — y in a presentable stable category is compact if, for every filtered diagram
(z;) and every map y — colim; z;, the composite from z factors through some z;. Compact
morphisms form a two-sided ideal. In a compactly generated category they are precisely the
morphisms that factor through a compact object.

For objects x,y of a left £-module A, write Hom 4/¢(7,y) € € for the relative internal
Hom, characterized by

Mapg (e, Hom 4 /¢ (z,y)) = Map 4(e ® z,y).



Proposition 2.1. A dualizable left £-module A is proper over £ if and only if, for every pair
of compact morphisms f:xg — x1 and g : yo — y1 in A, the induced morphism

Hom 4 /¢ (1, y0) — Hom 4 /¢ (w0, y1), h+— ghf, (4)
is compact in .

We first describe the continuous approximations to the Hom functors that occur in this
criterion. The needed factorization in the dual category is proved in Lemma 2.2.

2.1 Continuous Yoneda and dual objects

Let A be dualizable, and choose a sufficiently large uncountable regular cardinal x, so that
&€ and A are k-presentable. Write A" for its full subcategory of k-compact objects. The
multiplication of £ and its action on A are strongly continuous, by rigidity and [EI, Proposition
1.12(ii)]. Their continuous right adjoints imply that both functors preserve k-compact objects.
Thus £ is closed under tensor products and acts on A%. The category Ind(A") carries the
E-action obtained from its Ind(&£")-action by restriction along the monoidal continuous Yoneda
functor £ — Ind(E%) [EI, Proposition 1.16]. The continuous Yoneda functor and realization
give an adjunction
Y : A= Ind(A") : colim, Y A colim .

The functor Y is fully faithful and strongly continuous. Both functors are &-linear [EI,
Propositions 1.16-1.17]. For z € A", let Yz be its Yoneda image and let ¢, : 3733 — Yz be the
counit at Yz, using colim Yr ~ .

By [EL, Proposition 1.40], a morphism f : x — y between objects of A" is compact exactly
when there is a lift R

ag: Yxr — Yy, cyar = YVf. (5)

The same criterion is available for arbitrary objects after increasing x to contain them. A lift
includes the displayed path in the mapping space. The triangle identities give colim(c,) ~ id,,
and hence colim(as) ~ f. Full faithfulness of Y then gives a path

aes = Y(f). (6)

We will need to keep intermediate objects within a fixed A”. This follows from the proof
of [EL, Corollary 1.41], as follows. Given a compact f:x — y in A", write JA)y ~ colim; Vz;
as a filtered colimit, with z; € A*. Each structural map z; — y is compact. Realization and
continuity of Y give Yy ~ colim; V2. Since Yz is compact in Ind(.A"), the lift (5) factors
through some Vzi. Consequently,

T — 2z — Y (7)

is a factorization into two compact morphisms in A”.
For x € A*, define an object of A" by

dy(7)(2) = Hompyqany s (Y, V2). (8)

Indeed, Yz is compact, hence relatively compact over £ by [EI, Proposition 1.12(i)]. Thus (8)
is continuous and &-linear in z. This defines a functor d,, : (A%)°P — AY. Applying realization
to mapping objects gives a comparison

dys(2)(2) — Hom /¢ (z, 2). 9)



For a compact f : x — y in A", full faithfulness of Y and precomposition with ay give a
factorization
Hom 4/¢(y, —) — dy(z) — Hom 4/¢(z, —) (10)

of precomposition with f. Its comparison with precomposition is a homotopy of natural
transformations: apply the relative Hom functor Homy,g(axy/e(—,Y(—)) to (6). Thus the
factorization is natural in the target variable.

Lemma 2.2. With k as above, the following hold.
(i) If f : @ — y is compact in A%, then d.(f) : de(y) — dx(x) is compact in A".

ii) Every compact morphism u : & — & in AV admits a factorization
Y

§o — di(yo) — 20, 4, (y1) — &1,
where h : y1 — yo 18 compact and yo,y1 € A”.

Proof. The equivalence from relative to absolute duality is given by postcomposition with
Homeg(1,—) [EIL, Remark 1.18(iii)]. Under this equivalence, d,(z) becomes the functor z —
Homyy,q Asy(Vz, )72) The equivalence commutes with precomposition and preserves compact
morphisms. We may therefore work in the absolute dual categories.

Precomposition with realization and continuous Yoneda gives

colim* : AV = Ind((A")°P) : V¥, colim* - Y*.

The left adjoint is fully faithful and strongly continuous. Denote by JV(y) the continuous
extension of the compact covariant representable Hom 4(y, —)|4~. Then

VYV (y) = dul(y), colim® d;(y) — V" (y)

is the counit of this adjunction.
For (i), the lift a; induces a factorization

colim* d(y) — VY (y) — colim* d,(z)

of colim® d(f ) The middle object is compact. For the factorlzatlon homotopy, write ¢ for
the counit of ) - colim. For w € Ind(A*) and a map k : Yy — Y colim(w), the composite is

Y colim(e, k) ay ~ keyay ~ kEYf.

These homotopies come from the counit’s naturality and triangle identities and the chosen lift
path, naturally in w; they therefore give a path in the dual functor category. Since a fully
faithful continuous functor reflects compact morphisms, d,(f) is compact.

For (ii), factor u as two compact morphisms through an object &,,. After applying colim®,
each of these morphisms factors through a compact object. All compact objects of Ind((.A%)°P)
are representable, because A" is stable and idempotent complete. We obtain

colim* & — VY (yo) — colim* &, — YV (y1) — colim* &;.

By the adjunction, the map from colim* &, to YV (y1) factors through colim* d,(y;). Thus the
middle composite YV (yo) — YV (y1) has a lift to colim* d,;(y1). Yoneda identifies this lift with
amap ap : Yy1 — )A/yo lying over Vh, where h : y; — yo corresponds to that middle composite.
The adjunction and Yoneda transport the triangle homotopy to cy,ap >~ Yh. The criterion (5)
shows that h is compact. Applying V* to the displayed factorization proves (ii). O



2.2 Proof of the criterion

We use the compact-morphism test for relative evaluation from [EI, proof of Proposition
1.49(ii)]: ev 4/¢ is strongly continuous if and only if ev 4/¢(f K u) is compact for every compact
morphism f in A and every compact morphism u in AY. The forward implication follows
because external products of compact morphisms are compact and strongly continuous functors
preserve compact morphisms.

Proof of Proposition 2.1. Suppose first that A is proper. For the given f, g, choose x containing
their four endpoints. Use (7) to factor f ~ fof1 through z,, € A", with both factors compact.
By (10), the morphism (4) factors as

Hom 4 /¢(21,90) — di(@m)(y0) — dx(z0) (1)
— Hom 4 ¢ (20, y1)-

The middle arrow is evaluation on g X d,(f1). It is compact by Lemma 2.2(i) and properness.
The ideal property of compact morphisms proves the required conclusion.

Conversely, assume that (4) is always compact. It suffices to evaluate on f X u, where
f : 20 — x1 is compact in A and u is compact in AY. Choose k containing zg,z;. By
Lemma 2.2(ii) and the ideal property, it is enough to take u = dy(h) for a compact h : y1 — yo
in A". Factor h ~ hgh through y,, € A", with both factors compact. Evaluation on fXd,(h)
factors as

h3, I
d(y0)(x0) — Hom 4 /¢ (yo, z0) ——— Hom 4 /¢ (Ym, 1)
— dy(y1)(71).

(11)

Here the last arrow is induced by a lift ap, : Yy1 — JA/ym To check the factorization, the
precomposition map in Ind(A") is

~

cyo Y(h2) an, =~ Yho cy,, ap, =~ Vh.

The paths come from naturality of ¢, the chosen lift, and the factorization of h. Applying
relative Hom and postcomposing with Y(f) identifies (11) with evaluation on f X d.(h) as
maps in €. The middle arrow of (11) is compact by assumption. Thus evaluation takes every
compact external product to a compact morphism, and is strongly continuous. This proves
properness. ]

3 Localizations from proper modules

Proposition 3.1. For every C € Catgual there is a strongly continuous &-linear localization
q : B — C such that B is proper over £.

To prove the proposition, we show that the class of modules admitting such a localization
contains a colimit generator and is closed under coproducts and pushouts. The pushout
construction requires a factorization of a continuous functor with proper source through a
strongly continuous functor. Lemma 3.2 supplies the parameter category for that factorization.

We first record the closure properties of properness that will be used. Proper modules are
closed under arbitrary small coproducts, including the empty coproduct, and under external



tensor product with a proper dualizable category over Sp. They are also closed under strongly
continuous fully faithful submodules. Indeed, if i : A < B is strongly continuous and fully
faithful, then precomposition gives a strongly continuous fully faithful functor (:%)* : AY — BY,
with continuous right adjoint ¢*, and

eVA/g >~ eVB/g O(Z® (ZR)*) (12)

For a small set I, the coproduct A = [[;c; A; is represented by the product of the underlying
presentable categories. A family of continuous functors 7; : A; — D extends to (a;) —
[1; T;(a;), whose right adjoint is d — (T¥(d));. Colimits in a product category are computed
coordinatewise, so this extension is strongly continuous whenever all T; are. Restriction to the
summands also identifies

AV~ [[AY,  AoAY =]](4AieA)).
¢ 1]
Evaluation on the (7, j)-summand is ev 4, /¢ if i = j and zero otherwise. Its right adjoint is
therefore

R .
(evﬁ/g(e))i]’ = {ev}b/g(e)7 Z B j.’
0, 1.
Every coordinate preserves colimits when the A; are proper, so the right adjoint is continuous
for every small I. For external tensor products, evaluation is the tensor product of the two
evaluations and is therefore strongly continuous.

We will also use the following generation criterion [EL, Proposition 1.8]. If a family of
strongly continuous functors is : As — B has images generating B under colimits, then a
continuous F : B — D is strongly continuous whenever every F'i is strongly continuous. To
see this, the functors i are continuous and jointly conservative. They identify the colimit
comparison for F¥ with those for (Fi,)~.

3.1 Proper parameter categories

Lemma 3.2. Let D be a dualizable category over Sp and let x € D. There exist a proper
dualizable category P, a strongly continuous localization p : P — Sp, and a strongly continuous
functor F' : P — D such that

F(p"S) ~ x.

Proof. Consider Shvs(RR; Sp), the category of sheaves of spectra on R with singular support in
R xR>¢. By [EL, Proposition 4.21(1)], it admits a strongly continuous fully faithful embedding
into Fun(Q2%, Sp). The latter category is compactly generated by its representables, whose
mutual mapping spectra are S or zero. Its evaluation therefore preserves compact generators
of the tensor product and is strongly continuous. Formula (12) shows that Shvs((R; Sp) is
proper.

There is a strongly continuous localization

PR : ShVZ(](R; Sp) — Sp

whose right adjoint is the constant sheaf functor [EL, proof of Theorem 4.28, p. 83]. In
particular, pES ~ Sg. The description of strongly continuous functors from Shvsq(R;Sp)



by left-continuous rational diagrams, equivalently their left-continuous extensions to R [EL,
Proposition C.4], together with [EL, Proposition D.3(1)], gives a Verdier quotient

@ : Fun™*(Shvso(R; Sp), D) — D1, Fy — Fy(Sr).

Under the diagram description, ® is the colimit functor. Each rational diagram has compact
transition morphisms between distinct indices. By left continuity, its value at a € QQ is the
colimit along a strictly increasing sequence of rational numbers tending to a from below. It is
therefore wi-compact by [EL, Propositions 1.24 and 1.40]. The diagram description identifies
the source of ® with a full subcategory of Fun(Q<,D*!), so it is essentially small. It is stable
and idempotent complete, since strongly continuous functors are closed under finite colimits
and retracts, and ® is exact. Choose a small skeleton before taking Ind. Consequently Ind(®)
is a localization. It preserves compact objects and hence is strongly continuous.

Since D is wi-compactly generated [EL, Corollary 1.21], choose an object € Ind(D“")
whose realization is . Express its image under the right adjoint as a small filtered Ind diagram:

Ind(®)% (%) ~ colimV(F,),  Fi € Fun’ (Shvso(R; Sp), D).

Applying Ind(®) and then realization gives a coherent diagram of strongly continuous functors
such that
x =~ colim F;(Sg). (13)
el

Choose a small simplicial set K presenting I, and let J = A/K be its ordinary category
of simplices. For two fixed simplices, the set of morphisms between them is a subset of the
set of order-preserving maps between their finite indexing ordinals; in particular, it is finite.
The last-vertex map N(J) — I is a localization [S, Theorem 1.3]. Its universal property
identifies the spaces of cocones on a diagram on I with the spaces of cocones on its pullback
to N(J). Hence it preserves the colimit in (13). Applied to the constant point diagram, the
same assertion gives B.J ~ BI ~ x, since [ is filtered. Denote the pulled-back functors by Fj.

The category Fun(.J°P, Sp) is proper: the mapping spectra between its compact representa-
bles are finite sums of sphere spectra. Moreover,

py = C(}Lign : Fun(J°P, Sp) — Sp

is a strongly continuous localization. Its constant right adjoint preserves colimits, and the
counit is an equivalence because BJ ~ x.
Set
P =Fun(J",Sp) ® Shv>o(R;Sp),  p=ps @ pr.
The category P is proper and p is a strongly continuous localization. Under P =~
Fun(J°P, Shv>o(R;Sp)), the diagram j — F; defines a continuous functor F': P — D by the

presheaf universal property. Writing y(j) for the spectral representable, it is characterized by
F(y(j) Xs) ~ Fj(s). Its right adjoint is

F(d)(j) = F}(d).

For j — k, the transition F, ,f‘ — FJR is the right mate of F; — Fj. The mate correspondence
therefore makes this a coherent J°P-diagram. Each F jR preserves colimits, so F® does as well,
by pointwise computation.



Finally, there is an equivalence const ;S ~ colim;c s y(j): at an object k, the corresponding
category of elements is k/.J, which has the initial object idg. It follows that

F(p®S) ~ F(const;S X Sg)

~ colim F};(Sgr) ~ x.
colim j(Sr) ~ x

3.2 Factorizations of continuous functors

Lemma 3.3. Let A, B € Catgual, with A proper over €. For every continuous £-linear functor
G : A — B, there are a proper left £-module D, a strongly continuous localization p4 : D — A,
and a strongly continuous &-linear functor h : D — B such that

G ~ hphk. (14)

Proof. The category Funk(A, B) is dualizable over Sp. One way to see this in the present
setting is to use [EI, Proposition 3.4(i)]: the comparison

Hom{"! (A, B) — Funk(A, B)

has a strongly continuous fully faithful left adjoint £. It exhibits Fung(.A, B) as a continuous
retract of a dualizable category. The same adjunction shows that ordinary evaluation is the

composite

Funk (A4, B) ® A £294, Homdwl( A4, B) © A — B.

Thus this evaluation is strongly continuous.
Apply Lemma 3.2 to the object G € Funk(A, B). Tt gives P, p, and a strongly continuous
Fy : P — Funk(A, B) with Fy(p”S) ~ G in the functor category. Take

D=P®A, A =p®idy, h =evo(Fy®idy).

The closure properties above show that D is proper. The functor p4 is a strongly continuous
localization, and h is strongly continuous by the evaluation calculation. For a € A,

hpli(a) = Fo(p"S)(a) =~ G(a).

This equivalence is obtained by evaluating the preceding equivalence of £-linear functors, and
proves (14). O

3.3 Gluing and localization

For a continuous &-linear functor h : A — B, define
Gl(h) = A x5 Fun(A, B),

where the maps to B are h and target evaluation, and the pullback is taken in Caty. Its
objects are triples (a,b, ¢ : b — h(a)). The mapping space from (a,b, ¢) to (a’,b’, ') is

Map 4(a,a’) XhMapB(b,h(a’)) Mapg (b, ). (15)

8



The maps to the base are h(—)¢ and ¢'(—); the homotopy pullback records the homotopy
filling the square. If A and B are dualizable, then so is Gl(h) [EL, Proposition 1.78]. The two
fully faithful inclusions

iala) = (a,0),  ip(b) = (0,b)
are strongly continuous, with right adjoints
T‘A((I, ba ¢) =a, TB(aa b> qb) = ﬁb(b - h(a)) (16)
Their images generate Gl(h), as is seen from the natural cofiber sequence

iala) — (a,b,¢) — ip(b) — ia(a)[1]. (17)

This triangle also describes continuous functors from Gl(h). Given continuous U : A — Z,
V : B — Z, and a natural transformation 7 : Vh — U[1], the corresponding functor is
V() Ta
(a,b, ¢) — fib(V(b) —= Vh(a) = U(a)[1]). (18)
Finite limits in stable categories commute with colimits, so this functor is continuous. Con-
versely, applying a continuous functor to (17) recovers U, V, 7. The natural triangle and the
fiber construction are inverse in the functor categories, including their natural transformations.

The same argument applies to £-linear functors. This gives the functor description used below;
compare [EL, Proposition 1.79].

Lemma 3.4. If A and B are proper over € and h is strongly continuous, then Gl(h) is proper
over &.

Proof. The functors r% and rj into Gl(h)" are strongly continuous, with right adjoints % and
iz. The latter are jointly conservative by (17); hence the images of 7% and rj; generate the
dual. Evaluation on ix @ rj, for X, Y € {A, B}, is

(av f) > eVy/e (TYiX(a)7 5)

The four functors ryix are the identities, zero, and h[—1], by (16). These restrictions of
evaluation are therefore strongly continuous. The generation criterion proves the claim. [

Lemma 3.5. Suppose that g4 : A — A" and qz : B — B’ are strongly continuous £-linear
localizations, and that h : A — B is continuous and E-linear. There is a strongly continuous
localization

Gl(h) — Gl(gshq’}). (19)
Proof. The left adjoint takes (a, b, ¢) to (qaa, qgb), with structural map the composite
q5b — qsh(a) — gshqligaa.
For a target object (a’,b’,¢'), its right adjoint is given by

a=qld, b= gt X gBash(@) (@), (20)



with structural map the projection to h(a). To check the adjunction, fix a source object
(ao, bo, ¢0). By (15), both mapping spaces in the claimed adjunction identify naturally with

R\ h R
Map 4 (a0, 4A0") X" \ap g(bo.qZqsh(gBar)) Maps(bo, q5b').

On the source side this uses the pullback in (20); on the target side it uses the adjunctions for
g4 and gp. All functors in this formula are continuous. Finite limits commute with colimits in
stable categories, so the right adjoint is continuous. Applying g4 and ¢z to the formula gives

qaa~d, qeb ~ X qsh(a) I8N (@) =~ Y.

The counit is thus an equivalence, proving the localization assertion. O

3.4 Closure under pushouts

Proof of Proposition 3.1. Consider the full subcategory of Catgual consisting of modules that

admit a strongly continuous localization from a proper module. It is closed under arbitrary
small coproducts: for a family of such localizations ¢; : B; — C;, the right adjoint of []; ¢; is
(ci) = (¢F(cs)):- Tt is continuous and has an equivalence as counit, coordinatewise, while [[; B;
is proper. We prove closure under pushouts.
Let
a ey Bey

be a span of strongly continuous functors, and choose strongly continuous localizations
q; : B; — C; with B; proper. The functor

(B Fiq0, ¢ Faq0) : By — By @ B

is continuous and &-linear. Lemma 3.3 gives a proper module D, a strongly continuous
localization p : D — By, and a strongly continuous h : D — By & By such that

hp® =~ (¢ Fiq0, ¢5'Faqo).

By Lemma 3.4, Gl(h) is proper. Apply Lemma 3.5 to gop and ¢; @ g2. Since

(1 ® ¢2)h(qop)" =~ (q1 ® g2)hpTig
~ (Fi, Fy),

we obtain a strongly continuous localization
Gl(h) — Gl((Fl, Fg) : C[) — Cl D CQ) (21)

The gluing on the right has three strongly continuous inclusions, denoted by ig, 71, i2. Invert
the two natural transformations

ilFl — ig[l], iQFQ — io[l]. (22)

These are the connecting maps from (17). The resulting localization is the pushout C; U, C2 in
presentable categories. Indeed, by (18), a continuous functor from this gluing to a presentable
stable category Z consists of continuous functors H; : C; — Z and transformations

HFy —)H[)[l], HyFy —>H0[1].

10



Requiring both transformations to be equivalences leaves exactly Hq, Ho, and an equivalence
H,Fy ~ HyF5, the data for a functor from the pushout. More precisely, its functor category is

Fun’(Cy, 2) XhFunL(CmZ) Fun’(Cy, 2),

and passing to maximal subgroupoids gives the pushout mapping-space property. It suffices to
impose (22) on a small set of generators, so this is an accessible localization.

This last localization is strongly continuous. Colimits of dualizable categories are computed
in presentable categories, with strongly continuous structural functors [EL, Proposition 1.65].
The relative version follows by taking £-modules, using [EI, Proposition 1.12(v)]. Thus the
restrictions of the localization to 4; and 2 are strongly continuous; its restriction to g is a
shifted composite of a structural functor with Fj. The generation criterion applies. Composing
this localization with (21) proves closure under pushouts.

Coproducts and pushouts generate all small colimits [HTT, Propositions 4.4.2.6-4.4.2.7].
Finally, £ ® Shv>((R;Sp) is proper over &: the regular module £ is proper by rigidity, and
Shvs(RR; Sp) is proper by the first paragraph of Lemma 3.2. This module generates Catfglual
under colimits [EI, Theorem 1.13]. The full subcategory under consideration is therefore all of
Catgual, O

4 Relative internal projectivity

Lemma 4.1. Let Q : X — Z be a strongly continuous localization between dualizable categories.
For every compact z € Z, there are compact morphisms

Xo 5 X1 25 X,
and maps u : z — QXo and v : QX9 — z such that

v Q) Q) u ~id, .

Proof. Realize a filtered Ind presentation of JAJ(QR,Z) as Qfz ~ colim; z;. Each structural
map z; — Q72 is compact by the continuous Yoneda criterion. Since @ is continuous and
a localization, z ~ colim; Qx;. Compactness of z gives a factorization of id, through some
Qx;, together with its path to the identity in Mapz(z, z). Factor z; — Q%2 into two compact
morphisms by [EL, Corollary 1.41]. Taking Xy = z;, Xo = Qfz, and v to be the counit proves
the assertion. O

Proof of Theorem 1.2. Let C be relatively internally projective. By Proposition 3.1, choose
a strongly continuous localization ¢ : B — C with B proper. Its kernel inclusion is strongly
continuous: its right adjoint is given by fib(ids — ¢'q), viewed in the kernel. This makes the
kernel a continuous retract of B, hence dualizable; rigidity gives the £-linearity of the right
adjoint. Thus ¢ belongs to a short exact sequence in Catgual. Relative internal projectivity
implies that

Hom{"(C, q) : Hom@"?(C, B) — Hom{"(C, C)

is a strongly continuous localization.

11



By (3), id¢ corresponds to a compact object. Apply Lemma 4.1 to it, and then apply the
comparison pg. Its naturality (2) gives continuous £-linear functors and natural transformations

FggFl a—2>F2, u :ide — qFy, v qFy — ide,
such that

v (qae) (qou) u ~ idiq,, - (23)
This is a path between £-linear natural transformations in Fung(C,C). The transformations
a1, g here are images of compact morphisms in Homdgual(C ,B).

Fix compact morphisms f : ag — a1 and g : by — by in C. Universal evaluation
Homd"(C,B)®C — B

is strongly continuous by (1). It sends the compact external products a3 X f and as X g to
the compact morphisms

s = ai(a1)Fo(f) : Foap — Fiay,

t= ozg(bl)Fl(g) : F1b0 — Fle.
Consider the following composite in &:

P
Homg /¢ (a1, bo) — Homp e (Fraz, Fibo)

s*, ty
—— Hompg ¢ (Foag, F2b1)
q; Uag; Uby

(24)

Homg ¢ (ag, b1).
Since B is proper, Proposition 2.1 implies that the middle arrow is compact. The whole
composite is therefore compact.

To identify this composite as a map in £, put M = Homc/g(al, bp) and let e : M ® a3 — by
be universal evaluation. The map h — ghf is adjoint to

B =ge(idy @f) : M ®ag — by.

Under the same relative Hom adjunction, the composite (24) is represented by

oy S ,
M ® ag %M@qﬂ)ao M>M®qF1al
I, gFibe L gRuby s by,

where the arrow labeled ¢Fi(e) uses the £-module structure of ¢F;. The definitions of s, ¢ and
module naturality of a1, ae, v identify this map with

B o (idy @(vagqaa(ao)gan(ag)ua,)) =~ B,

the last path being the component of (23). Transporting this path through the equivalence of
mapping spaces defining relative Hom proves the required homotopy in €. Thus (4) is compact
for every f,g in C. A final application of Proposition 2.1 proves that C is proper over £. [

12



Proposition 4.2 (Coproducts). An arbitrary small coproduct of relatively internally projective
dualizable left £-modules is relatively internally projective.

Proof. Let (C;)icr be such a family. The universal property (1) and preservation of coproducts
by tensor product give

dual
Homdual(H Cz‘, D) ~ H mgual(ci’ D)
el el

The product here is taken in Catgt“al. Such products preserve short exact sequences by [EL,

Proposition 1.105]. Applying this result to the short exact sequences obtained from the
individual C; proves the assertion. The empty family gives the zero module. O

5 A counterexample over a field
Let N=1{0,1,2,...}. Define a small category J with objects
a, (neN), by (feNY),

and exactly one nonidentity arrow w,, r : a, — by for each pair (n, f). There are no composable
pairs of nonidentity arrows. For a field k, set

Cr, = Fun(J°?, D(k)), Py = k[J(—,v)].

Proposition 5.1. The category Cy, is compactly generated and proper over D(k). For the
localization
q = — @y k[t 17 : D([t]) — D(k[t,t71)),

the functor
Hom%u&l) (Ck,q) : Hom%u(“}gl) (Cr, D(K[t])) — Hom%‘l(*}g) (Cr, D(K[t,t71]))

has a compact object in its target which is not a retract of any object in its image. In particular,
Cx is not relatively internally projective.

The mapping objects between representables will prove properness. We then construct
a strongly continuous functor to D(k[t,t~!]), hence a compact object of the target internal
Hom. A hypothetical retract of an image object produces a natural transformation whose
components are compact morphisms. Each component has a bounded denominator, while
naturality at one of the vertices by forces arbitrarily large denominators.

5.1 Properness and the localization

The objects p, form a set of compact generators of Cy, and Yoneda gives

k, v=w,
Homck/D(k)(pv,pw) ~ <k, v=ay, w=by, (25)
0, otherwise.

13



The relative dual is compactly generated by the dual representables. Evaluation on an external
product p, X p,, is Home, /D(k)(Pw; Pv), hence is compact by (25). These external products
generate C, ® C}/, so evaluation preserves compact objects and has a continuous right adjoint.
Thus Cy, is proper.

The right adjoint Res of ¢ is fully faithful and continuous. The kernel of g is the category
Dy tors(k[t]) generated by the compact object k[t]/t. The kernel inclusion has continuous right
adjoint

M — fib(M — Res(¢M)).

Consequently,
0 — Detors(k[t]) — D(k[t]) & D(k[t,t ™) — 0 (26)

is a short exact sequence in Cat%u(%).

The presheaf universal property defines a continuous D(k)-linear functor F : Cp —
D(k[t,t™']) by
F(py) = k[t,t7Y],  Flupy) =t7™. (27)

It sends every compact generator to a compact object, so it is strongly continuous. By (3), it
corresponds to a compact object

F € Homy) (Ce, D(k[t, 1 ']))".

5.2 Compact morphisms from a retract

We record the reduction from an arbitrary retract to compact morphisms. It will also apply
over a general rigid base.

Lemma 5.2. Let T : X — Z be a continuous functor, with X dualizable, and let K € Z be
compact. If K is a retract of T(Y), there are a compact morphism 3 : X — Y and maps
u: K —-T(X),e:T(Y)— K such that

eT(f)u~idk .

Proof. Choose a sufficiently large regular cardinal x and a filtered presentation )7(Y) o
colim; Y(X;) in Ind(X"). Each structural map X; — Y is compact: its Yoneda image factors
through Y(Y') — Y(Y'), so the assertion follows from [EL, Proposition 1.40]. Realization gives
Y ~ colim; X;. Since T is continuous and K is compact, the retract section K — T'(Y") factors
through some 7T'(X;). Take 8 : X; — Y and retain the retract projection. O

Lemma 5.3. Let £ be rigid, let C,D, D’ Catgual, and let ¢ : D — D' be a strongly continuous
E-linear localization. Suppose that F : C — D’ is strongly continuous and E-linear, and let
F e Homgual(C,D’)“ be its corresponding compact object. If ¥ is a retract of an object in the

image of Hom&(C, q), there are X € Hom$"(C, D) and a natural transformation

0: pp(X) — ¢"'F

such that 0(c) is compact for every ¢ € C¥, and ¢f : qpp(X) — F admits a natural section.
Here the target of qf is identified with F by the counit q¢""F ~ F.

14



Proof. Lemma 5.2 gives a compact morphism §: X — Y in Homgual (C, D) and maps
u: F — Hom$"(C, ¢)(X), e : Hom@"(C,¢)(Y) — F

whose composite with the image of 8 is the identity. By (2), the comparison image of e
is a natural transformation é : gpp(Y) — F. Take its adjoint & : pp(Y) — ¢*F and set
0 = & pp(3). The adjunction identities give

q0 ~ e qpp(f).

The comparison image of u is therefore a natural section.

For ¢ € C¥, evaluation at c is the composite of universal evaluation with the tensor product
of the identity and the strongly continuous functor Sp — C classified by c. It is strongly
continuous by [EI, Definition 3.1]. Strongly continuous functors preserve compact morphisms:
apply their continuous right adjoints to a filtered test diagram and then use adjunction; see
also [EL, proof of Proposition 1.46]. Thus pp(8)(c) is compact, and so is its composite 0(c),
since compact morphisms form a two-sided ideal. ]

5.3 The denominator contradiction

Proof of Proposition 5.1. Properness and compact generation were proved above. Suppose
that F is a retract of an object in the image of Hom%u&l) (Ck,q). Apply Lemma 5.3 and write
Xy = ppi)(X)(pv); for an arrow u : v — w of J, write X (u) : X, — X, for the map induced
by the comparison functor. The lemma gives compact morphisms

0, : X, — Resk[t,t71]
whose localizations admit sections. Naturality gives

Oy, X (un.g) ~ =70, . (28)

f

These are homotopies of morphisms; after taking H® they become equalities of k[t]-linear
maps.
In D(E[t]) there is a filtered presentation

Resk[t,t™!] ~ colim t "V k[t].
N>0

Compactness of 6, makes it factor through one stage. Thus, for some N, > 0,
im(H%0,) c t N k[t]. (29)
Since ¢f,, admits a section and localization is flat,
H%(qXa,) = (H X, )[t '] — k[t,t7"]

is surjective. Choose a preimage of 1, written xn/td" with x,, € HOXan and d, > 0. In the
Laurent polynomial ring,
(H%,,)(wn) =t

15



Define f.(n) = dy + n. The vertex by, belongs to J, and (28) implies
(H8, ) (HOX (1) () = £t — =0 (0> 0)

This contradicts (29) at the single vertex by, when n > N, . Hence F is not a retract of
any image object. The induced functor on internal Homs is not essentially surjective, so it
cannot be a localization. Therefore Hom%u("}vl) (Ck, —) does not preserve the short exact sequence

(26). 0

Remark 5.4. The lifting obstruction concerns the dualizable internal Hom. For the Laurent
diagram F' of Proposition 5.1, the ordinary continuous functor Res oF always satisfies ¢ Res F' ~
F. Its values on the representable generators are the noncompact k[t]-module k[t,t!], so it
is not strongly continuous. Properness gives the comparison functor a fully faithful strongly
continuous left adjoint [EI, Proposition 3.4(i)]. Applying that left adjoint to Res F' gives an
internal object whose localized ordinary comparison is F', by (2). Proposition 5.1 shows that
the compact internal object classified by F' is not a retract of this localized object. Thus
equality of the ordinary comparison images does not identify the objects in the dualizable
internal Hom.

6 The counterexample over every nonzero rigid base
Using the same category J, set
P = Fun(J°?, Sp), Ce =ER@P ~Fun(JP,¢).

Proposition 6.1. For every nonzero rigid presentable stable I&1-monoidal category &, the
module Cg is proper over € and is not relatively internally projective.

Properness follows by composing evaluation for P with multiplication in £. To prove failure
of internal projectivity, we use polynomial and Laurent polynomial actions in £. Lemma 5.3
gives the same denominator bounds, and the compact unit detects the nonzero Laurent
coefficients needed for the contradiction.

Proof. Properness. The spectral representables pPP = S[.J(—,v)] compactly generate P and
have mutual mapping spectra S or zero. As in (25), this proves that P is proper. The relative
dual of Cg is the right £-module PV ® &, and relative evaluation is

id®evp ®id
_—

EQPRPY @& EgE multe, o

Both arrows are strongly continuous; for the second this is part of rigidity [EI, Definition 1.1].
Thus Cg is proper.

Polynomial localization. Let S|N] and S[Z] be the spectral monoid algebras. Their module
categories in £ consist of objects equipped, respectively, with an endomorphism and an
automorphism. Inverting the endomorphism gives an £-linear localization

ge : MOdg[N] (5) — MOdg[Z] (E,')
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Here the algebra actions use the canonical action of spectra on £. Its right adjoint Res is fully
faithful and continuous. There are £-linear equivalences

MOdS[N] (5) ~E® MOdS[N](Sp),
MOdg[Z] E)~E® MOdS[Z](Sp).

The spectral module categories are compactly generated, and rigidity makes £ dualizable.
These two module categories are therefore dualizable, also in the relative sense [EI, Proposition
1.12(iii)]. The kernel inclusion has continuous right adjoint fib(id — Resgg), so the kernel
of g¢ is a continuous retract of the source and is dualizable [EL, Proposition 1.16]. Thus gg¢
occurs in a short exact sequence in Catgual,

Write 1¢[t] and 1¢[t,t7!] for the free polynomial and Laurent polynomial modules on 1¢.
Both are compact, by the free—forgetful adjunction and compactness of 1¢. The equivalences

Fun% (€ ® P, D) ~ Fun’(P, D) ~ Fun(J, D)

define a continuous &-linear functor Fg : Ce¢ — Modgz(€) from the diagram with value
lg[t,t71] at every vertex and arrow maps t~/("). In particular,

Fe(e@pdP) ~e® 1e[t, t 7.

Its right adjoint sends a Laurent module M to the presheaf with value the underlying object
of M at every vertex and structure map ¢~/ along u,”.. This follows from the free—forgetful
adjunction for every e € £, and shows that the right ad301nt preserves colimits. Hence Fpg is
strongly continuous and determines a compact object Fg of the corresponding internal Hom
by (3).

Laurent coefficients. The free representables pf =1e® pﬁp are compact, since
Mape, (95, Z) = Mapg(1e, Z(v)).

Suppose that Fg is a retract of an object in the image of Homdual (C’g, qe). Let X be the object
supplied by Lemma 5.3, and let X, be its comparison value at pv, with X (uy,r) the induced
arrow map. Evaluation at these compact objects gives compact morphisms

0, : X, — Res1g[t,t7]
whose localizations admit sections and which satisfy 0 X (uy, f) =~ t=1(")g,, . The presentation

Res 1g[t,t 1] ~ colimt M 1gt
esleft, ] = colim ¢~ 1¢[¢]

makes 6, factor through ¢t~Nv1¢[t] for some N,. Here t~V1g[t] is the free polynomial module
with basis indexed by the degrees at least —/N, mapping into the Laurent module by inclusion
of those degrees.

Set A = mg Homg(1g, 1¢). Its identity 14 is nonzero: otherwise 1¢ would be zero, forcing
& = 0. The free—forgetful adjunction and compactness of the unit give

0 MapModg[N](g)( e[t], Reslelt,t™']) = P A" = -1. (30)
meZ
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Indeed, the underlying Laurent module is @,,c7 le. The map from ¢~V 1¢[t] gives precisely
the summands in degrees at least —IN. Hence postcomposition with 6, induces a map

(60)s : mo Mapytody, () (Lelt], Xo) — A[t,171]

whose image is contained in t~™v A[t].
For a polynomial module Z, localization is the telescope of its t-action. The same adjunction
and unit compactness therefore give a natural identification

o Mabniody, () (Lelt: t ™1, 4e 2)

31
= (7T0 Mapytodgy, &) (Lelt]; Z)) 1. oy

Here (—)[t~!] denotes the colimit of successive t-actions. Since qgf,, admits a section, a
preimage of 1,4 in (31) can be written z,,/t%", where

Tp € T MapMOdS[N](g)(lg[t],Xan), dy, > 0.

Consequently (0, )«(2n) = t%14. With f.(n) = d, + n, naturality implies that the image of
(Ob,, )« contains t~"14 for every n > 0. That image is contained in ¢ ey, Alt], contradicting the
direct sum decomposition (30) and 14 # 0. Thus F¢ is not a retract of any image object. The
functor Homdgual(Cg, qe) is not a localization, and Cg is not relatively internally projective. [J

Propositions 5.1 and 6.1 prove Theorem 1.3.

7 Lifting rank-one diagrams and the size condition

Fix a field k, and let ¢ : D(k[t]) — D(k[t,t71]) be localization at ¢. For small sets U, V, let Jy v
have vertices a,, and b,, with its only nonidentity arrows a,, — b,, one for each (u,v) € U x V.
Empty index sets are allowed. Put

Cuy = Fan(Jpfy,, D(k)), Quy = Hoimdpu(il) Cuyv,q)-

For an integer matrix m = (muy,), let Fy, : Cuv — D(k[t,t7!]) be the continuous D(k)-linear
functor whose diagram on representables has value k[t,t!] at every vertex and arrow ¢~™ue
from a, to b,. It is strongly continuous, since it takes the compact representable generators to
compact objects. Write F,, for its corresponding compact object in Ihim%“(a,‘cl) (Cuv, D(k[t, t71])).

Proposition 7.1. The following conditions are equivalent:
(i) Fp, belongs to the essential image of Qu,v .
(ii) F., is a retract of an object in that essential image.

(iii) There are integers A, and p, such that

My < Ay — o (welU, veV). (32)

When these conditions hold, F,, admits a lift whose value at each vertex is the free rank-one
k[t]-module.
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Proof. Assume (ii). Lemma 5.3 gives a continuous D(k)-linear functor X : Cyy — D(k[t])
and a natural transformation 6 : X — Res F},,. Its components 0,, at the representables are
compact, and each ¢f,, has a right inverse. Writing X,, = X (py), the denominator argument
of (29) shows that the k[t]-submodules

Ly = im(H°X,, — k[t,t71])

are nonzero and satisfy L, C t~"vk[t] for some integers N,, > 0. For a nonzero Laurent
polynomial A, let v(h) be its least nonzero exponent. The values of v, on each L,, \ {0} form
a nonempty set of integers bounded below. Define
Ay = i h = i h).
“ T odg, e = g, )
Naturality gives ¢t~""«* L, C Lp,. Applying this inclusion to an element realizing A, yields
Au — My > fo, Which is (iii).
Conversely, suppose (iii) holds. Take the diagram with value k[t] at every vertex and arrow

hum v Bl —s K[t]

from a, to b,. Its exponents are nonnegative, and its continuous extension G : Cyry — D(k[t])
is strongly continuous because its values on the representable generators are compact. After
localization, multiplication by t** at a, and by t"* at b, defines a natural equivalence qG ~ Fj,:

tuv tAu “Ho—Myy t*muv t)\u

The correspondence (1), with parameter Sp, therefore gives an actual lift of F,, under Qu v .
Finally, (i) implies (ii) by the identity retraction. O

Proposition 7.2. Fvery restriction of the diagram in Proposition 5.1 to a countable full
subquiver admits a lift whose vertex values are free rank-one k[t]-modules.

Proof. First retain all source vertices a, and a countable set of target vertices, indexed without
repetition as by, for j € I C N. Define

A =max ({0} U{fj(n):jel, j<n}),
pj =min({0} U {X\, — f;(n) : n < j}).

These extrema are taken over finite nonempty sets, including when [ is finite or empty. If
n > j, then A, > f;(n) and p; < 0. If n < j, the definition of p; gives A, — fj(n) > p;. Thus
fj(n) < Ay — py for all n and j € I. Proposition 7.1 supplies the lift. Restricting it further
allows any subset of the source vertices. O

Proposition 7.3. The category C, = Fun(J°P, D(k)) of Proposition 5.1 is not wi-compact in
Cat B -

Proof. Let T range over the countable subsets of NN, and let Jr C J be the full subcategory
on all a,, and the vertices by with f € T. Set Cp = Fun(J7", D(k)). The poset of such T is
wi-filtered, since a countable union of countable sets is countable. For ip : J7© < JOP, left

Kan extension
i) : Cr — Cy,
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is fully faithful and strongly continuous: its right adjoint is restriction, which preserves colimits
pointwise. The same holds for the transition functors between the Cp.

The union of the Jr is J. Hence the limit of the categories Cr along restriction functors
is Ci. Passing to left adjoints computes the corresponding colimit in presentable D(k)-linear
categories. By [EL, Proposition 1.65] and [EI, Proposition 1.12(v)], it is also the colimit in
Cat B

Ck ~ colim CT. (33)
TCNN, |T|<Rg
If Ci were wi-compact, its identity would factor through some stage: there would be a strongly
continuous D(k)-linear s : C;, — Cr and a natural equivalence ip)s ~ idc, .

Choose f ¢ T. Every object in the image of i) has value zero at by. Indeed, the comma
category computing that value has objects given by arrows w — by in J°P with w € Jr; there
are no such arrows. Applying the asserted factorization to py, and evaluating at by gives 0 ~ k,
a contradiction. O

For a proper module, w;-compactness in Cat%u(*}cl) is equivalent to wi-compactness of its
relative diagonal, by [EI, Theorem 1.13]; evaluation already preserves wj-compact objects
because it is strongly continuous. Thus the preceding proposition identifies precisely the
compactness hypothesis absent from the field example. Its full diagram fails to lift although
every countable restriction lifts.
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